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This paper presents an analytical investigation of the transverse electron-proton (e-p) two-stream
instability in a proton bunch propagating through a stationary electron background. The equations of
motion, including damping effects, are derived for the centroids of the proton beam and the electron
cloud by considering Lorentzian and Gaussian frequency spreads for the particles. For a Lorentzian
frequency distribution, we derive the asymptotic solution of the coupled linear centroid equations in the
time domain and study the e-p instability in proton bunches with nonuniform line densities. Examples
are given for both uniform and parabolic proton line densities.
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following, we derive the equations of motion for the
centroids of the proton beam and the background electron

the particles. For simplicity, the synchrotron motion of
the protons and the axial motion of the electrons in the
I. INTRODUCTION

The transverse two-stream instability has been of long-
standing interest in research involving beam propagation
through a charged particle background. For accelerator-
generated intense proton beams, the recent focus of two-
stream efforts has been on the transverse instability
observed in the Proton Storage Ring (PSR) at Los
Alamos [1–24]. The PSR stores a long proton bunch
with a near triangular line density profile for a typical
duration of about 1 ms. Depending on machine condi-
tions, the instability is observed as rapidly growing trans-
verse oscillations of the stored beam, usually occurring
when the beam intensity reaches about 2:5� 1013 protons
per pulse or higher, causing fast beam loss. Over the
years, experimental evidence has been collected to sup-
port the conjecture that the instability in PSR is due to
the interaction between the circulating proton beam and
electrons created in the ring, the electron-proton (e-p)
instability. However, the understanding of the instability
is still based on the theory developed for a continuous
beam with uniform line density [15–29]. Although com-
puter simulations have been implemented or are being
developed [12,15,16,19,20] to study the e-p instability in
bunched beams, a companion analytical theory remains
to be developed.

The present work is an attempt to investigate the trans-
verse e-p instability in a proton bunch using an analytical
approach based on the centroid model. Because recent
experiments at PSR have demonstrated that most of the
electrons in the ring are created during the passage of
the proton bunch and are lost to the beam pipe afterward
[7–10,14], the present model is built on the assumption of
a ‘‘one-pass’’ interaction between the proton beam and the
background electrons; that is, in the proton beam frame,
electrons pass through the proton bunch only once. In the
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cloud. The damping effect is incorporated by considering
a Lorentzian distribution or a Gaussian distribution in the
betatron frequency of the protons and the bounce fre-
quency of the electrons in the proton beam field (see
Sec. II). For a Lorentzian distribution of particle frequen-
cies, a general formalism for obtaining the asymptotic
solution of the coupled centroid equations in the time
domain is developed and used to study the instability of
a proton bunch propagating through a stationary, nonuni-
form electron background. The theoretical model is de-
scribed in Sec. II, and the growth rate of the e-p
instability is discussed and a dispersion relation is derived
for the case of uniform electron background in Sec. III.
Examples are also given for proton line densities with
uniform and parabolic profiles in Sec. IV.
II. THEORETICAL MODEL

We consider a bunched proton beam with full length L
and circular cross section of radius a, propagating with a
constant velocity v through a stationary electron back-
ground of infinite extent in the direction of beam propa-
gation. A Cartesian coordinate system is adopted such
that the z axis is pointing opposite to the direction of
proton propagation, and the y axis is perpendicular to the
ring. The origin of the coordinate system is chosen to
coincide with the center of the beam cross section. We
assume that in the equilibrium state, the electrons are
trapped in the proton beam, and both species of particles
are distributed uniformly in the transverse direction so
that the trapped electrons experience a linear transverse
focusing force. However, the line densities of the protons
and electrons, �p and �e, are allowed to depend on z. The
protons are focused in the transverse direction by a force
that depends linearly on the radial displacement of
2003 The American Physical Society 014204-1
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laboratory frame are neglected. Further simplifications
result from neglecting the impedance due to the beam
environment, such as the beam pipe, and from consider-
ing the transverse motion in only one direction, say, the y
direction. The proton bunch considered is ‘‘long’’ in the
sense that an electron will execute many transverse boun-
ces between the time it enters the proton bunch at the head
and the time it exits at the tail of the proton bunch. Our
stability study is focused on the one-pass interaction
between the proton bunch and the electrons; that is, the
proton bunch is traveling in a stationary electron back-
ground of infinite extent in the axial direction so that
the electrons interact with the proton beam only once. As
mentioned earlier, for the e-p instability in PSR,
this kind of model should be more realistic than one
with periodic interactions between the protons and the
electrons.

This investigation of the e-p instability will be based
on analyzing the motions of the centroid of the proton
beam Yp � Yp�z; t� and the centroid of the trapped elec-
trons Ye � Ye�z; t� defined by

Yp�z; t� �
Z 1

�1
yp�z; t; !p�Fp�!p�d�!p=�p�; (1)

and

Ye�z; t� �
Z 1

�1
ye�z; t; !e�Fe�!e�d�!e=�e�; (2)

where the subscripts p and e denote the protons and
electrons, respectively; yp�z; t; !p� and ye�z; t; !e� are
the displacements in the y direction at position z and
time t; !p and !e are the oscillation frequencies;
Fp�!p� and Fp�!p� are the frequency distribution func-
tions; and �p and �e are quantities that characterize the
spreads of !p and !e, respectively.

The centroids defined in Eqs. (1) and (2) allow us to
incorporate the effects of damping of the centroid motion
due to the frequency spreads. To derive the equations of
motion of the centroids, we first neglect the axial motion
of the particles and consider the equations of motion for
single particles. This gives

d2yp
dt2

� �!2
pyp �

Fper
p

�mp
; (3)

and

d2ye
dt2

� �!2
eye �

Fper
e

me
; (4)

where Fper
p is the perturbing force on a proton due to

the displaced electron cloud, Fper
e is the perturbing

force on an electron due to the displaced proton beam,
!2
pyp and !2

eye are the linear forces, mp and me are the
rest mass of a proton and an electron, respectively, � �
�1� v2=c2��1=2 is the relativistic mass factor, and c is the
speed of light in vacuum. The general solutions to Eqs. (3)
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and (4) can be expressed as

yp�z; t; !p� � Apei!pt � A�
pe�i!pt; (5)

and

ye�z; t; !e� � Aeei!et � A�
ee�i!et; (6)

where i �
�������
�1

p
, the superscript � denotes the complex

conjugate, and the amplitudes Ap and Ae are assumed to
depend on z and t but not on the single-particle oscillation
frequency. The centroid equations are derived by consid-
ering a specific type of frequency distribution function. In
this paper, we focus on the Lorentzian distribution func-
tions

Fp�!p� �
�2
p

�
�2
p � �!p �!po�

2�
; (7)

and

Fe�!e� �
�2
e

�
�2
e � �!e �!eo�

2�
; (8)

where !po and !eo are the central oscillation frequencies
of the protons and electrons, respectively.

We derive the centroid equation for the protons as an
illustration of the procedure. The centroid equation for
the electrons can be derived using a similar approach.
First, applying the residue theorem of complex integra-
tions, we calculate the derivative of Yp according to

dYp
dt

�
1

�

Z 1

�1

�pdyp=dt

�2
p � �!p �!po�

2 d!p

� ie��pt
Ap�!po � i�p�e
i!pot

� A�
p�!po � i�p�e�i!pot�: (9)

The average of !2
pyp is then evaluated using the above

results asZ 1

�1
!2
pyp�z; t; !p�Fp�!p�d�!p=�p�

�
1

�

Z 1

�1

�p!
2
pyp

�2
p � �!p �!po�

2 d!p

� �!2
po � �2

p�Yp � 2�p
dYp
dt

: (10)

Applying Eqs. (9) and (10), the average of Eq. (3) over
frequency can be carried out readily to yield

d2Yp
dt2

� 2�p
dYp
dt

� �!2
po ��2

p�Yp �
Fper
p

�mp
; (11)

where we have made the assumption that Fper
p is indepen-

dent of !p. Following the same procedure, it can be
shown that

d2Ye
dt2

� 2�e
dYe
dt

� �!2
eo � �2

e�Ye �
Fper
e

me
: (12)

For the model studied here, we assume that the inco-
herent betatron frequency shift due to the self-field of the
014204-2
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proton beam is negligible, and that the electron density is
much lower than that of the protons. Accordingly, the
central oscillation frequency of the protons !po is ap-
proximately the undepressed betatron oscillation fre-
quency !�, and the central oscillation frequency of the
electrons !eo is given by

!eo � ��z� � �c=a�
���������������������������������������
2re�p�z�
1� f�z��

q
; (13)

where ��z� is the electron bounce frequency, re �
e2=�mec2� is the classical electron radius, and f�z� �
�e�z�=�p�z� is the fractional charge neutralization. To
simplify the mathematical analysis, we make the approxi-
mation that the perturbing force Fper

p depends linearly on
the displacement of the electron centroid, i.e.,

Fper
p

�mp
� G�z�Ye; (14)

where G�z� is defined by

G�z� � 2rpc2�e�z�=�a2�� � !2
���z�: (15)

Here, rp � e2=�mpc2� is the classical proton radius, and
014204-3
��z� � 2rpc2�e�z�=�a2�!2
��: (16)

Similarly, Fper
e is approximated by a linear force propor-

tional to the displacement of the proton centroid, i.e.,

Fper
e

me
� �2�z�Yp: (17)

Equations (14) and (17) are consistent with the approxi-
mation that the perturbed transverse field due to a small
transverse displacement of a beam is roughly propor-
tional to the displacement [30]. The same and the similar
kind of approximations have been used in Refs. [26–29]
for analyzing the e-p instability, and for studying the
transverse beam stability due to the impedance in accel-
erators [31].

For the traveling proton beam in the laboratory frame,
the derivatives with respect to time in Eq. (11) are re-
placed by total derivatives (convective derivatives follow-
ing the average particle motion). Therefore, in the
laboratory frame we have
�
@
@t

� v
@
@z

�
2
Yp � 2�p

�
@Yp
@t

� v
@Yp
@z

�
��!2

� ��2
p�Yp � G�z�Ye; (18)

and

d2Ye
dt2

� 2�e
dYe
dt

� 
�2�z; t� � �2
e�Ye � �2�z; t�Yp; (19)

where the minus sign is used in the terms containing @=@z because the proton bunch is propagating in the negative z
direction. In the beam frame, the proton bunch is stationary and the background electrons are traveling with axial
velocity v, so Eqs. (18) and (19) are transformed to

d2Yp
dt2

� 2�p
dYp
dt

� �!2
� � �2

p�Yp � G�z0; t�Ye; (20)

and �
@
@t

� v
@
@z0

�
2
Ye � 2�e

�
@Ye
@t

� v
@Ye
@z0

�
�
�2�z0� � �2

e�Ye � �2�z0�Yp; (21)
where z0 is the axial coordinate in the beam frame.
One should keep in mind that the centroid equations

here are derived for the case of Lorentzian distributions
in the oscillation frequencies. The damping effect as well
as the centroid equations depends on the choice of dis-
tribution of oscillation frequencies. Had we chosen a
Gaussian distribution function,

Fq�!q� �
1�������
2�

p exp

�
��!q �!qo�

2

2�2
q

�
; (22)

where the subscript q denotes either protons or electrons,
the centroid equation for stationary protons or electrons
would be
d2Yq
dt2

� 2�2
qt
dYq
dt

� 
�2
q�1��2

qt
2� �!2

qo�Yq � Fper
q ;

(23)

instead of Eqs. (11) and (12). To see the resulting differ-
ence in the damping effects, one can assume an impulse
perturbation with Fper

q 
 ��t� in the centroid equations
and derive the solution Yq 
 exp
���q � i!qo�t� for
Eqs. (11) and (12), and the solution Yq 
 exp���2

qt
2=2�

i!qot� for Eq. (23). Thus, for a Lorentzian frequency
distribution, the exponential damping exponent is linear
in time, while for a Gaussian frequency distribution, the
exponential damping exponent is quadratic in time. The
calculation involved in the stability analysis for Gaussian
014204-3
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distributions is considerably more complex than that for
Lorentzian distributions, and only limited cases have
been treated analytically (e.g., see Ref. [32]). We therefore
focus the subsequent analysis on the case of Lorentzian
frequency distributions.

III. STABILITY ANALYSIS

Our subsequent study of the e-p instability is based on
Eqs. (18)–(21). Since these equations are linear in Yp and
Ye, the analysis is necessarily limited to the linear regime
of instability development. As the study is not limited to
the case of axially uniform charge densities, we adopt a
time-domain approach for easy extraction of the impor-
tant physics. We also briefly describe the frequency-
domain approach by deriving a dispersion relation in
Sec. III B. Furthermore, because the initial growth rate
of the unstable motion is complicated and depends in
detail on the initial perturbation, our attention will be
focused on the long time asymptotic behavior of the
unstable modes.

A. Perturbed motion

We use z and z0 to denote the axial coordinates in the
laboratory and the beam frames, respectively. These two
coordinate systems are oriented and synchronized in the
way that the proton beam travels in the negative z direc-
tion and the origins coincide at t � 0. The head of the
proton bunch is chosen to be the origin of the beam-frame
coordinate system. For simplicity, relativistic effects are
neglected and Galilean transformations are used between
the two coordinate systems. With this assumption, time
coordinates are the same in both systems and the axial
positions in these two coordinate systems are related by
z0 � z� vt or z � z0 � vt. If we assume that the proton
014204-4
bunch has a sharp-edged line density, and that te is the
time when a slice of electrons located at position z in the
laboratory frame (z0 in the beam frame) enters the proton
bunch, then te � �z=v � t� z0=v, and ��t� te� � 0
when t � te.

We begin the stability analysis by substituting

Yp�z
0; t� � e��ptYpn�z

0; t�; (24)

and

Ye�z; t� � e��etYen�z; t�; (25)

into Eqs. (20) and (19), respectively, to remove the damp-
ing terms from the left-hand sides of the equations of
motion. This transforms the centroid equations to

d2Ypn
dt2

�!2
�Ypn � G�z0�e��p��e�tYen; (26)

and

d2Yen
dt2

��2
v�t� te��Yen � �2
v�t� te��e
���p��e�tYpn:

(27)

It will be shown in the following analysis that the solution
of the homogeneous part of Eq. (27),

d2Yen
dt2

��2
v�t� te��Yen � 0; (28)

which describes the electron motion in the equilibrium
proton bunch, will determine the asymptotic spatial os-
cillation of the perturbed centroids. Denoting the two
linearly independent solutions of Eq. (28) by 
 � 
�t�
and � � ��t�, and using the variation of parameters
method, we obtain in the laboratory frame
Yen�z; t� �
Z t

te

�2
v�s� te��
vW
v�s� te��

f

v�t� te���
v�s� te�� ��
v�t� te��

v�s� te��ge
��e��p�sYpn�z� vs; s�ds; (29)

where

W�x� �
d
�x�
dx

��x� �
d��x�
dx


�x�; (30)

is the Wronskian of 
�x� and ��x�. Here, Ypn�z0; t� has been transformed to the laboratory-frame variables using z0 �
z� vt, and the initial condition Yen�0; te� � dYen�0; t�=dtjt�te � 0 has been assumed. One can prove that theWronskian
is a constant by taking the derivative ofW�x� and applying Eq. (28). Because we are looking for the asymptotic solution,
the other initial conditions involving Yen�z; te� and dYen�z; t�=dtjt�te as functions of z have been ignored. Note that, since
in our model each electron passes through the proton bunch only once, the upper limit of integration in Eq. (29), t, is
bounded by t � te � L=v.

We carry out the remaining analysis in the beam frame. Thus, rewriting Eq. (29) in beam-frame variables using
z � z0 � vt, we obtain

Yen�z
0; t� �

1

vW

Z t

t�z0=v
�2
v�s� t�� z0�f
�z0��
v�s� t�� z0� ���z0�

v�s� t�� z0�ge��e��p�sYpn�z

0 �vs�vt;s�ds:

(31)

Changing variables from s to r defined by r� t� s in Eq. (31), and substituting the result into Eq. (26), we obtain
014204-4
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d2Ypn
dt2

�!2
�Ypn �

G�z0�
vW

Z z0=v

0
�2�z0 �vr�

�z0���z0 �vr����z0�
�z0 �vr��e��p��e�rYpn�z

0 �vr; t� r�dr: (32)

Applying the Fourier transformation,

Ypn�z0; t� �
1�������
2�

p
Z 1

�1

~YY �z0;!�ei!td!; (33)

to Eq. (32) and changing variables again by letting x� z0 �vr, we derive an integral equation for ~YY �z0;!� given by

~YY �z0;!� �
G�z0�e��p��e�i!�z0=v

v2W�!2
��!2�

Z z0

0
�2�x�

�z0���x����z0�
�x��~YY �x;!�e���p��e�i!�x=vdx: (34)

It should be noted here that by choosing the Fourier-transformation approach in Eq. (33) instead of doing a Laplace
transformation, we are looking for the asymptotic solutions by neglecting the influence of initial conditions. Making
the substitution

~YY �z0;!� � ŶY �z0;!�G�z0�e��p��e�i!�z0=v (35)
in Eq. (34) yields

ŶY �z0;!� �
1

v2W�!2
��!2�

Z z0

0
�2�x�G�x�

�z0���x����z0�
�x��ŶY �x;!�dx: (36)

We must now solve the integral Eq. (36), use the relation in Eq. (35), and then invert the Fourier transformation. The
mathematical manipulations involved in that process are very complex. A useful approximation will result from
substituting

ŶY �z0; !� � !�3
� $�z0; !�
�z0�; (37)

into Eq. (36), which gives

$�z0; !� �
1

v2W�!2
� �!2�

Z z0

0
�2�x�G�x�
�x���x�

�
1�

��z0�
�x�

�z0���x�

�
$�x;!�dx: (38)
We investigate only the cases in which �2�x� andG�x� are
smooth functions of x. It is reasonable to assume the two
independent solutions of Eq. (28), 
�x� and ��x�, which
describe the electron bounce motion in the proton bunch,
are oscillatory functions that can be expressed as


�x� � R�x�ei��x�; (39)

and

��x� � R�x�e�i��x�; (40)

where 
�x���x� � R2�x� is a smooth function and

�x�=��x� � e2i��x� is a rapidly oscillatory function. We
assume that $�z0; !� primarily describes the betatron
oscillations at much lower frequency than the electron
bounce motion in the beam. Under these assumptions, one
would expect the fast oscillatory term containing

�x�=��x� to contribute much less than the term contain-
ing 1 in the integrand in Eq. (38). Hence, neglecting the
term 
�x�=��x�, Eq. (38) simplifies to

$�z0; !� �
Z z0

0

�2�x�G�x�R2�x�

v2W�!2
� �!2�

$�x;!�dx; (41)
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which leads to

$�z0; !� � exp

"
i!2

�J �z0�

k2 �!2
�

#
; (42)

and

~YY �z0; !� � !�3
� 
�z0�G�z0� exp

"
��p � �e � i!�

z0

v

�
i!2

�J �z0�

!2 �!2
�

#
: (43)

Here,

J �z0� �
i

�v!��
2W

Z z0

0
�2�x�G�x�
�x���x�dx

�
1

2v2

Z z0

0

�2�x���x�
d��x�=dx

dx (44)

is a quantity that can be used to characterize the coupling
between the proton beam and the background electrons.
Because ��z0� is essentially the cumulative phase advance
of the electrons’ spatial oscillation in the positive z0

direction, it follows that d��x�=dx is like a positive
014204-5
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wave number. Therefore, J �z0� is expected to be a positive, monotonic increasing function of z0 (see the examples in
Sec. IV).

Substituting Eq. (43) into Eq. (33), and then substituting the result into Eq. (24), we obtain

Yp�z0; t� 

G�z0�

!3
�

�������
2�

p 
�z0�e��p�t�z0=v�e��ez0=v
Z 1

�1
exp

"
i!�t� z0=v� �

i!2
�J �z0�

!2 �!2
�

#
d!: (45)

The inverse Fourier transformation in Eq. (45) can be performed by using the result from Appendix B to obtain

Yp�z0; t�

�������
2�

p
J �z0���z0�
�z0� exp

�
��p

�
t�

z0

v

�
��e

�
z0

v

�
�
iJ �z0�
4

�

�



e�i!��t�z0=v�

�
I1�u�
u

�
J 2�z0�I2�u�

8u2

�
�ei!��t�z0=v�

�
J1�u�
u

�
J 2�z0�J2�u�

8u2

��
; (46)

where ��z0� is defined in Eq. (16), u is defined by

u � u�z0; t� �
�����������������������������������������
2!�J �z0��t� z0=v�

q
; (47)

Jn�x� and In�x� are the Bessel function of the first kind and the modified Bessel function of the first kind, respectively.
Also, we have neglected the terms of higher order in J �z0�=u to derive Eq. (46). Using this approximate solution as a
guide, we can obtain an exact solution of Eq. (32) in terms of an infinite series as discussed in Appendix A. The solution
given in Eq. (46) is the same as that results from retaining the n � 0, m � 1 and 2 terms in the exact solution given in
Eq. (A13) in Appendix A. Keeping more terms in the infinite series of the exact solution provides better accuracy, but
complicates the subsequent discussion. Therefore we limit our exploration of the e-p instability to the solution given in
Eq. (46).

We can derive a second approximate solution for Yp�z0; !� by taking the complex conjugate of Eq. (46), or by making
the substitution

ŶY �z0; !� � !�3
� $�z0; !���z0� (48)

in Eq. (36) and following the same procedures used in deriving Eq. (46). Either approach leads to the result

Yp�z0; t� 

�������
2�

p
J �z0���z0���z0� exp

�
��p

�
t�

z0

v

�
��e

�
z0

v

�
�
iJ �z0�
4

�

�



ei!��t�z0=v�

�
I1�u�
u

�
J 2�z0�I2�u�

8u2

�
�e�i!��t�z0=v�

�
J1�u�
u

�
J 2�z0�J2�u�

8u2

��
: (49)

In terms of R�x� and ��x� defined in Eqs. (39) and (40), the general solution for Yp�z0; t� can be expressed as a linear
combination of the solutions in Eqs. (46) and (49) by

Yp�z
0; t� � CpMp�z

0�e��pt


�
I1�u�
u

�
J 2�z0�I2�u�

8u2

�
cosTp �

�
J1�u�
u

�
J 2�z0�J2�u�

8u2

�
cosSp

�
; (50)
where

Mp�z0� � J �z0���z0�R�z0� exp
��p � �e�z0=v�; (51)

Tp � Tp�z0; t� � .p �!��t� z0=v� ���z0� � J �z0�=4;

(52)

and

Sp � Sp�z
0; t� � .p �!��t� z0=v� ���z0� � J �z0�=4:

(53)

Here, Cp and .p are constants. Since ��z0� is the total
phase advance of the e-p oscillation, if we introduce the
014204-6
effective wave number k̂k � ��z0�=z0 we recognize that
cos
Tp�z0; t�� represents a slow wave traveling in the posi-
tive z0 direction, i.e., in the direction opposite to the
proton beam’s propagation. By the same reasoning, we
recognize that cos
S�z0; t�� represents a fast wave.
Because the modified Bessel function In�x� is a monot-
onically increasing function of x, Eq. (50) indicates
that the slow wave is the one that grows—a well-known
result [25].

The transformation from the beam-frame solution to
the laboratory-frame solution can be easily performed by
the substitution z0 � z� vt. We use Eq. (46) as an ex-
ample. Thus, making the substitution z0 � z� vt in
Eq. (46) yields
014204-6
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Yp�z;t�

�������
2�

p
J �z�vt���z�vt�
�z�vt�exp

�
��p

�
z
v

�
��e

�
t�

z
v

�
�
iJ �z�vt�

4

�

�



e�i!�z=v

�
I1�~uu�
~uu

�
J 2�z�vt�I2�~uu�

8~uu2

�
�ei!�z=v

�
J1�~uu�
~uu

�
J 2�z�vt�J2�~uu�

8~uu2

��
; (54)

where ~uu� ~uu�z;t��
������������������������������������
�2!�J �z�vt�z

q
, z�0, and 0�vt�z�L.

The Bessel function Jn�u� goes to zero as t increases. Therefore, if we are interested primarily in the growth of the e-p
motion, we can drop the terms containing Jn�x� in Eq. (50) and obtain the approximate solution

Yp�z
0; t� � CpMp�z

0�e��pt

�
I1�u�
u

�
J 2�z0�I2�u�

8u2

�
cosTp: (55)

For large t, we can further neglect the term containing the Bessel function I2�u� and use the large-argument expansion
In�x� � ex=

���������
2�x

p
in Eq. (55) to yield the asymptotic solution of Eqs. (20) and (21); this gives

Yp�z0; t� �
C0
pJ �z0���z0�R�z0�


2!�J �z0��t� z0=v��3=4
cos
.���z0� �!��t� z0=v� � J �z0�=4�

� exp

�
��p

�
t�

z0

v

�
��e

�
z0

v

�
�

�����������������������������������������
2!�J �z0��t� z0=v�

q �
; (56)

where C0
p is a constant.

The transverse motion of the electron centroid within the extent of the proton bunch is treated in Appendix A. By
retaining the n � 0, m � 2, and m � 3 terms in Eq. (A17), we obtain an approximate solution for Ye�z0; t� to lowest
order in J �z0�=u. We find

Ye�z0; t� 
 � i2
�������
2�

p
J 2�z0�
�z0�exp

�
�
iJ �z0�
4

��p

�
t�

z0

v

�
��e

�
z0

v

��

�



e�i!��t�z0=v�

�
I2�u�

u2
�
iJ �z0�I3�u�

2u3

�
�ei!��t�z0=v�

�
J2�u�

u2
�
iJ �z0�J3�u�

2u3

��
: (57)

By including the solution containing ��z0�, we can derive the growing part of Ye�z0; t�. This gives

Ye�z0; t� � CeMe�z0�e��pt

�
I22�u�

u4
�

J 2�z0�I23�u�

4u6

�
1=2

cosTe; (58)

where

Me�z
0� � J 2�z0�R�z0� exp
��p � �e�z

0=v�; (59)

Te � Te�z
0; t� �  e � .e �!��t� z0=v� ���z0� � J �z0�=4; (60)

 e � cos�1fuI2�u�=
4u2I22�u� � J 2�z0�I23�u��
1=2g; (61)

and Ce and .e are constants. The asymptotic solution for Ye and the ratio jYe=Ypj at large t can be derived in the same
way as Eq. (56). Carrying out the necessary algebra, we obtain

Ye�z0; t� �
C0
eJ

2�z0�R�z0�


2!�J �z0��t� z0=v��5=4
cos
 e � .e ���z0� �!��t� z0=v� � J �z0�=4�

� exp

�
��p

�
t�

z0

v

�
��e

�
z0

v

�
�

�����������������������������������������
2!�J �z0��t� z0=v�

q �
; (62)

and �������Ye�z
0; t�

Yp�z0; t�

�������/
1

��z0�

������������������������������
J �z0�

2!��t� z0=v�

s
; (63)
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where C0
e is a constant. Note that neither �p nor �e

appears in Eq. (63). In fact, using the exact solutions,
Eqs. (A12) and (A16) in Appendix A, we can show that
the ratio Ye=Yp is always independent of the damping due
to frequency spreads.

B. Growth rate and dispersion relation

The results derived in Secs. II and III are applicable to a
large class of proton and electron line densities. From
these general solutions, we note that how the unstable
mode ‘‘wiggles’’ in space is determined primarily by the
factor 
e�iJ �z0�=4, where 
�z0� is the ‘‘cardiograph’’ of the
electron vibration in the proton bunch, and the quantity
�iJ �z0�=4 represents the accumulated phase shift in the
proton centroid’s wiggle from the head of the bunch to the
location z0 due to the interaction between the protons and
the electron cloud. We also note that J �z0� plays the major
role in determining the spatial growth [growth along the
proton bunch like exp�0

����
J

p
�] of the instability. As in-

dicated in Eqs. (56) and (62), at large t, the instability
always grows like exp�0

��
t

p
� in the beam frame. For a

Lorentzian frequency spread, the e-pmode damps in time
like exp���pt�. We further note that due to the combi-
nation of exp�0

��
t

p
� growth and exp���pt� damping, a

perturbation can grow initially and eventually be damped
even for a very small nonzero value of �p. This important
feature originates from combining the one-pass two-
stream interaction and the Lorentzian frequency spread
in the present model.

We define the growth or damping rate, �q�z0; t�, as a
function of z0 and t according to

�q�z0; t� �
1


Yq�z
0; t��a

@
Yq�z
0; t��a

@t
; (64)

where the subscript q stands for either protons (p), or
electrons (e), and 
Yq�z0; t��a denotes the amplitude of the
oscillation described by Yq�z0; t�. Substituting Eqs. (55)
and (58) into Eq. (64) yields the following growth rates of
the e-p mode given in Eqs. (46) and (57):

�p�z0; t� � ��p �
!�J �z0�
8uI2�u� � J 2�z0�I3�u��

u
8uI1�u� � J 2�z0�I2�u��
;

(65)

and

�e�z0; t� � ��p

�
!�J �z0�I3�u�
4u

2I2�u� � J 2�z0�I4�u��

u
4u2I22�u� � J 2�z0�I23�u��
;

(66)

where u � u�z0; t� �
�����������������������������������������
2!�J �z0��t� z0=v�

q
. For u� 1,

we obtain
014204-8
�q�z
0; t� � ��p �

�����������������������
!�J �z0�

2�t� z0=v�

s
: (67)

Thus, the instability damps after t � �z0=v� �
!�J �z0�=�2�2

p�. Since J �z0� is typically less than 1 for
small fractional charge neutralizations (like a few per-
cent), the growth rates in Eqs. (65) and (66) are monot-
onically decreasing functions of time with maxima
located at t � z0=v. Hence the threshold at location z0,
��p=!��t, can be found by solving the equation �q�z0; t �
z0=v� � 0. This yields�

�p

!�

�
t
� max



J �z0�
4

�
1� J 2�z0�=48

1� J 2�z0�=32

��
; (68)

where maxff�z0�g indicates the maximum of f�z0� for 0 �
z0 � L. Because J �z0� is a monotonically increasing func-
tion of z0, the largest growth rate and the lowest threshold
are at the tail of the proton bunch. Equation (68) is valid
only for small J �z0�, otherwise more terms in the series of
the exact solution should be included.

One should keep in mind that when t is small, Eqs. (65)
and (66) are applicable only to the e-p mode described in
Eqs. (46) and (57). Likewise, the validity of Eq. (68) is
strictly limited to the e-p mode. Initial perturbations
different from those described in Eqs. (46) and (57),
e.g., pure sine waves, etc., can have quite different thresh-
olds and will take a different time interval to evolve into
the e-p mode. Therefore, applying Eqs. (65), (66), and
(68) blindly may result in incorrect conclusions.
Nonetheless, after the initial perturbation has evolved
into the e-p mode, the asymptotic growth rate given in
Eq. (67) tends to provide a good approximation.

From Eqs. (46)–(57), we see that the electron fre-
quency spread always causes spatial damping in the posi-
tive z0 direction (i.e., more damping in the tail of the
proton bunch since the protons here are traveling in the
negative z0 direction), but it does not damp the perturba-
tion in time. On the other hand, the proton frequency
spread not only damps the perturbation in time but also
introduces a ‘‘damping offset’’ (the e�pz0=v factor) which
looks like antidamping so that there is an apparent com-
petition between the spatial damping and the fallacious
antidamping due to these two frequency spreads. When
the frequency spread of protons is equal to that of elec-
trons, the associated spatial damping and damping offset
cancel each other exactly. The origin of this spurious
antidamping or the damping offset can be delineated
through a simple physical picture. Suppose both the pro-
tons and the electrons were in equilibrium before t � 0,
i.e., dYp=dt � dYe=dt � Yp � Ye � 0 for t < 0. At t � 0,
a delta-function-like electron perturbation enters the pro-
ton bunch from the head. As soon as the head starts to
move, the damping of the motion at the head also begins,
while the rest of the bunch remains quiescent (not
014204-8
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perturbed). This perturbation pulse takes a time interval
of t � z0=v to travel to the point z0 in the bunch to initiate
the proton motion and the damping there. Hence the
damping at z0 should follow exp
��p�t� z0=v�� or
exp���pt� exp��pz0=v�. Thus the damping offset
exp��pz0=v� is caused by the assumption that the part
of the proton bunch before the point z0 is perturbed and by
the electrons’ time of flight between the head and the
location z0 in the proton bunch. When �p � �e, the all-
time cancellation between the spatial damping due to the
electron frequency spread and the damping offset is pos-
sible only when the electrons and the protons have the
same frequency distributions, i.e., both are Lorentzian or
both are Gaussian.

The discussion so far has concentrated on the time-
domain solution which allows us to understand some
behavior of the system directly. In principle, the same
physics can be revealed in a frequency-domain analysis.
However, because the charge densities of the protons and
electrons can be highly nonuniform in bunched beams,
014204-9
the function ei�!t�kz� customarily used in studying per-
turbations about uniform plasmas is not a solution in the
bunched beam case. Thus, in the frequency domain,
physical results are obtained in a less direct way by
superposing globally uniform modes of constant growth
or damping rates. On the other hand, knowing the fre-
quency response of the e-p system does have several
advantages, such as predicting the system behavior
when it interacts with an environment of known fre-
quency characteristics (machine impedance), or in help-
ing to mitigate the instability (e.g., feedback damping).
Therefore, although the emphasis of this work is on the
time-domain study, we derive here a dispersion relation in
the frequency domain. For simplicity, we consider the
special case of a uniform electron background, i.e., G�z�
is a constant, in the following analysis.

Making Fourier transformations of Eqs. (20) and (21)
from the time (t) domain to the frequency (!) domain,
and eliminating the Fourier transform of Ye�z0; t� from
the resulting equations, we obtain
d2 ~YYp
dz02

� 2

�
�e � i!

v

�
d~YYp
dz0

�

��
�e � i!

v

�
2
�

�2�z0�

v2

�
1�

G
g

��
~YYp � 0; (69)

where

g � !2
� � �!� i�p�

2; (70)

and ~YYp�z
0; !� is the Fourier transform of Yp�z0; t�. Performing a Fourier transformation of Eq. (69) according to

Z 1

�1



d2 ~YYp
dz02

� 2

�
�e � i!

v

�
d~YYp
dz0

�

��
�e � i!

v

�
2
�
�2�z0�

v2

�
1�

G
g

��
~YYp

�
eikz

0
dz0 � 0; (71)

yields

�kv�!� i�e�
2
Z 1

�1

~YYp�z0; !�eikz
0
dz0 �

�
1�

G
g

�Z 1

�1
�2�z0�~YYp�z0; !�eikz

0
dz0: (72)

Then, from Eqs. (24), (33), (35), (37), and (42), we infer that

~YYp�z0; !� � GŶY �z0; !� i�p�e�i�!�i�e�z0=v � G!�3
� 
�z0� exp

�
�i�!� i�e�

�
z0

v

�
�

i!2
�J �z0�

�!� i�p�
2 �!2

�

�
; (73)

where ŶY �z0; !� is defined in Eq. (37). Substituting Eq. (73) into Eq. (72) yields the following dispersion relation in the
beam frame:

�!� i�e � kv�2
!2
� � �!� i�p�

2� � 
!2
� � �!� i�p�

2 �G���k;!�; (74)

where

��k;!� �

R
1
�1 �2�z0�
�z0� exp
ikz0 � i�!� i�e��

z0
v� �

i!2
�J �z0�

�!�i�p�
2�!2

�
�dz0R

1
�1 
�z0� exp
ikz0 � i�!� i�e��

z0
v� �

i!2
�J �z0�

�!�i�p�
2�!2

�
�dz0

: (75)
To rewrite the dispersion relation in laboratory-frame
notation, we simply replace ! in Eq. (74) by !� kv. In
addition, we may also make the substitution k � n�r=v
for circular machine applications, where �r is the angular
revolution frequency of the protons in the machine. For
the case of a proton bunch propagating in the positive z
direction, the sign of v should be reversed. Equation (74)
has been derived for constant G�z0; t�. For a nonuniform,
time-independent electron line density, dG=dz0 appears
014204-9
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in the coefficients of Eq. (69), and the dispersion relation
is more complex than Eq. (74).

IV. EXAMPLES

We now present two examples of specific line density
profiles to illustrate the application of the theory devel-
oped here. Numerical results will be presented for the
case of a parabolic proton line density and a uniform
electron line density.

A. Uniform proton and electron line densities

When both the proton and the electron line densities
are uniform in z0, we can infer that the fractional charge
014204-10
neutralization f is a constant, �2�z0� � !2
o, R�z0� � 1,

��z0� � !oz
0=v, and G�z0� � �!2

�, where !o �
�c=a�

��������������������������������
2reN�1� f�=L

p
is the electron bounce frequency

in a proton bunch containing N protons, and � is a
constant. Substituting into Eqs. (44) and (46), we
obtain
J �z0� �
�!oz0

2v
�
rpc2�e!oz0

a2�!2
�v

; (76)
and
Yp�z0; t� � Cz0e��pt���p��e�z0=v


�
I1�u�
u

�
J 2�z0�I2�u�

8u2

�
cosT �

�
J1�u�
u

�
J 2�z0�J2�u�

8u2

�
cosS

�
; (77)

where T � .� �!o �!� � �!o=8��z
0=v� �!�t, S � .� �!o �!� � �!o=8��z

0=v� �!�t, C and . are constants,

and u �
�������������������������������������������������
�!o!��z

0=v��t� z0=v�
q

. At large t, Eq. (77) gives

Yp�z
0; t� � ĈC

�
!oz0

v!3
��t� z0=v�3

�
1=4

cos
.� �!o �!� � �!o=8��z
0=v� �!�t�

� exp

�
��p

�
t�

z0

v

�
��e

�
z0

v

�
�

�������������������������������������������
�!o!�

�
z0

v

��
t�

z0

v

�s �
; (78)
where ĈC is a constant. The asymptotic growth rate of the
e-p mode for this case can be determined by substituting
the result for J �z0� in Eq. (76) into Eq. (67). Thus, for
large t, we obtain

��z0; t� � ��p �

���������������������
�!o!�z0

4�vt� z0�

s
: (79)

When both the protons and the electrons have uniform
line densities, ��k;!� � !2

o, and the dispersion relation,
Eq. (74), simplifies to give


�!� i�e � kv�2 �!2
o�
�!� i�p�

2 �!2
�� � G!2

o:

(80)

This result is similar to the dispersion relations derived in
some earlier works[12,13,19–25]. As stated earlier, for a
circular machine with proton angular revolution fre-
quency �r, one can make the substitution k � n�r=v
in Eq. (80).

For nonuniform proton line densities, there are a few
cases in which Eq. (28) has well-known solutions.
Examples are the parabolic cylinder function and the
Mathieu function solutions for parabolic and cosine-
square proton line densities, respectively. The following
example demonstrates the application of Eqs. (46)–(62) to
the case of parabolic proton line density. For this pur-
pose, it is sufficient to determine the solutions 
�x� and
��x�, and to evaluate J �x�. The solutions for Yp�z0; t� and
Ye�z
0; t� can then be obtained by substituting these results

into Eqs. (50) and (57), respectively.

B. Parabolic proton line density and uniform electron
line density

We consider the proton line density

�p�z0� �
3N

�2� fo�L

�
fo � 4�1� fo�

z0

L

�
1�

z0

L

��
; (81)

and the electron line density

�e�z
0� � �e �

3Nfo
�2� fo�L

; (82)

where N is the number of protons in the bunch, and fo is
the fractional charge neutralization at the center of the
proton bunch. In fact, the charge of �p�z0� in Eq. (81) is a
superposition of parabolic and uniform line densities
with �p�0� � �p�L� � �e. For small (zero) fractional
neutralization, �p is almost (exactly) parabolic. The sys-
tem has a net charge line density that is parabolic.

In this case, ��x� and G�x� are constants, and the
electron bounce frequency is given by

�2�z0� �
4!2

oz
0

L

�
1�

z0

L

�
; (83)

where!o � �c=a�
�������������������������������������������������������
6reN�1� fo�=
�2� fo�L�

p
is the elec-

tron bounce frequency at the center of the proton bunch.
The functions 
�x� and ��x� will be determined by
014204-10
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solving Eq. (28). Rewriting �2�z0� in laboratory-frame
variables and substituting into Eq. (28) yields

d2Yen
dt2

�
!2
ov
L

�
t�

z
v

��
1�

v
L

�
t�

z
v

��
Yen � 0: (84)

We change variables by introducing

h �
L!o

4v
; (85)

and

p � 2

����������
!ov
L

r �
z0

v
�
L
2v

�
� 2

����������
!ov
L

r �
t�

z
v
�
L
2v

�
: (86)

Equation (84) can then be rewritten as

d2Yen
dp2 �

�
h�

p2

4

�
Yen � 0: (87)

The two independent solutions to Eq. (87), known as
the parabolic cylinder functions, are given by [33]

U��h; p� � Y1 cos
�
�
2

�
1

2
� h

��
�Y2 sin

�
�
2

�
1

2
� h

��
;

(88)

and

V��h; p� �
1

��12 � h�



Y1 sin

�
�
2

�
1

2
� h

��

� Y2 cos
�
�
2

�
1

2
� h

���
; (89)

where

Y1 �
��14 �

h
2�

2�1=4���h=2� ����
�

p e�p
2=4

1F1

�
1

4
�
h
2;

1

2;

p2

2

�
; (90)

and

Y2 �
��34 �

h
2�

2��1=4���h=2� ����
�

p pe�p
2=4

1F1

�
3

4
�
h
2;

3

2;

p2

2

�
: (91)

Here, ��x� is the Gamma function, and 1F1�a; b; x� is the
confluent hypergeometric function [33]. The parabolic
cylinder functions are similar to the Hermite polyno-
mials Hn�x�. For jpj � 2

���
h

p
, or within the bunch length,

both U�a; x� and V�a; x� oscillate like e�x
2=4Hn�x�, i.e.,

they have short wavelengths at small x (near the bunch
center where the proton density is high) and long wave-
lengths when jxj (or jpj) approaches 2

���
h

p
(tails of the

proton bunch where the line density is low). In fact, when
h � n� 1=2, U��h; p� becomes 2�n=2e�p

2=4Hn�p=
���
2

p
�.

Hence there is an interesting analogy between Eq. (87)
and the Schrödinger equation for a particle moving in a
harmonic oscillator potential well. That is, if the bunch
length L is quantized to exactly 4n� 2 times the electron
014204-11
bounce wavelength v=!o, then the solution to Eq. (87)
would be e�p

2=4Hn�p=
���
2

p
�.

In order to represent 
�z0=v� and ��z0=v� in the polar
forms shown in Eqs. (39) and (40), we use the linearly
independent combinations of U�a; x� and V�a; x� defined
by


�z0� � U��h; p�

� i�
�
1

2
� h

�
V��h; p� � R�h; p�ei��h;p�; (92)

and

��z0� � U��h; p�

� i�
�
1

2
� h

�
V��h; p� � R�h; p�e�i��h;p�: (93)

Here, R�h; p� and ��h; p� have the following expansions
valid for jpj � 2

���
h

p
[33]:

R�h; p� �
��14 �

h
2�

2�1=4���h=2� ����
�

p

�

�
1�

�
p

4
���
h

p

�
2
�

5

2

�
p

4
���
h

p

�
4
�� � �

�
; (94)

and

��h;p��
�
1

4
�
h
2

�
��

���
h

p
p
�
1�

2

3

�
p

4
���
h

p

�
2

�
1

�4
���
h

p
�4

�
2

5
p4�16

�
����

�
:

(95)

Equations (94) and (95) show that R�h;p� and
d��h;p�=dp are smooth functions of p. Note that
R�h;p� and d��h;p�=dp are symmetric with respect to
p. Also note that the electron bounce frequency ��h;p� is
not exactly proportional to the square root of the proton
line density except at z0 �L=2.

Using the Wronskian of U and V, W�U;V� � �
���������
2=�

p
,

and Eq. (94), we find that

W � �
d

dx

�

d�
dx

� 4i

����������
2!o

�vL

r
�

�
1

2
� h

�
: (96)

Substituting Eqs. (83), (94), and (96) into Eq. (44) and
carrying out the integration, we obtain

J �z0� �
3�!oL
2v

�
z0

L

�
2
�
1�

14

9

�
z0

L

�
�

4

3

�
z0

L

�
2
�

8

15

�
z0

L

�
3
�
;

(97)

where only the zeroth and the first-order terms in the
expansion in R2 have been retained. Thus, J �z0� is a
monotonically increasing function of z0, starting from
zero at the head of the bunch and increasing to about
0:37�!oL=v at the tail of the bunch.

The solutions for Yp�z0; t� and Ye�z0; t� can be ob-
tained by substituting Eqs. (92), (93), and (97) into
014204-11



FIG. 2. The quantity J as a function of z0=L from the head to
the end of the proton bunch. The solid curve is computed using
the approximation in Eq. (97). The dashed curve is computed
by using Eq. (44) and numerical integration. The parameter
values are described in the text.
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Eqs. (50)–(53) and (57). One can also study the dispersion
relation by making the substitution of 
�z0� � U��h; p�
or 
�z0� � V��h; p� in Eq. (74). A comment should be
given here on the use of the approximation in Eq. (94),
which is valid only when jpj � 2

���
h

p
. Note that the ex-

pression for J �x� contains the proton line density �p�z=L�
in the factor of �2�z=L� in the integrand. Equation (94) is
least accurate when jpj � 2

���
h

p
, or at the two ends of the

bunch where �2 is small. Thus, the overall approximation
should be reasonably good.

As a numerical example, we consider a set of parame-
ter values similar to those in PSR: a 260 ns-long bunch of
2:54� 1013, 800 MeV protons circulating at a 2.8 MHz
revolution frequency in a storage ring operated at a beta-
tron tune of 2.3. We assume that the tune spread of the
protons is about 0.2%, and that the proton bunch has a
circular cross section with 2.5 cm radius. We also assume
the fractional charge neutralization by the electrons at the
bunch center is about 1%, and that the oscillation fre-
quency spread of the electrons is 5%. For these parameter
values, the electron bounce frequency at the bunch center
is about 108.3 MHz (!o � 0:687 GHz), and � � 8:4�
10�4. Figure 1 shows the parabolic cylinder function
solutions to Eq. (87), U and V, which describe the trans-
verse motion of an electron in the proton bunch. In the
figure, the functions U and V are normalized to
R�h; 0�=��1=2� h� and R�h; 0�, respectively. Shown in
Fig. 2 is the quantity J �z0� plotted as a function of the
distance from the head to the tail of the proton bunch,
where both the approximation made by using Eq. (97) and
the more exact values computed using Eq. (44) are dis-
played. The maximum of J �z0� is about 0.057. According
to Eq. (68), the instability threshold is near ��p=!��t �
1:4%. So the case we are considering is theoretically
FIG. 1. The parabolic cylinder functionsU and V as functions
of p defined in Eq. (86). Here, U and V are normalized to
R�h; 0� and R�h; 0�=��1=2� h�, respectively; h and R�h; 0� are
computed using Eqs. (85), (92), and (93) and the parameter
values described in the text.
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unstable. The growth rates (normalized to the betatron
frequency !�) evaluated using Eqs. (65)–(67) for z0 �
L=2 and z0 � L are shown in Fig. 3 as functions of z0=v.
We see from Fig. 3 that the proton motion has a slightly
higher growth rate than that of the electron motion. The
observed instability threshold in PSR varies with ma-
chine conditions. For the parameter values we are con-
sidering, the instability typically occurs when
��p=!��t < 0:5%. Hence the threshold given by Eq. (68)
overestimates the required frequency spread in protons
for stabilization. Figure 4 shows the growing part of
the perturbed proton motion Yp�z

0� computed using
Eq. (55) for .p � 0, and t � 40 9s, 70 9s, and 100 9s.
FIG. 3. The growth rates at the tail (z0 � L) and the center
(z0 � L=2) of the proton bunch are shown as functions of time.
Here, �p and �e have been normalized to the betatron fre-
quency !�. The solid curves and the dashed curves are com-
puted according to Eqs. (65) and (66), respectively. The dotted
curves are computed using the asymptotic approximation in
Eq. (67). The parameter values are described in the text.
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FIG. 4. The growing portion of the perturbed proton motion
Yp as a function of z0=v at time t � 40 9s, 70 9s, and 100 9s.
Here, the value of Yp is computed using Eq. (55) with .p � 0
and the parameter values described in the text. The proton
bunch is 260 ns long. The vertical axis has arbitrary units.
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The growing part of the perturbed electron motion Ye�z0�
is displayed in Fig. 5 for .e � �=2 and the same time
shown in Fig. 4. Note that the spatial damping due to the
electron frequency spread is evident in Figs. 4 and 5 as a
decrease of the oscillation amplitudes.
V. CONCLUSIONS

To model the e-p interaction in a proton storage ring,
we have derived the two-dimensional equations of motion
for the centroids of the proton bunch and the electron
cloud. The damping effect was incorporated in the cent-
roid equations by considering Lorentzian and Gaussian
distributions of the transverse oscillation frequencies of
the particles. It was found that for both distributions, the
014204-13
perturbed motion of the centroids damps exponentially.
The exponential damping exponent is linear in time for
the Lorentzian frequency distribution and quadratic in
time for the Gaussian frequency distribution.

We have investigated the e-p instability based on the
centroid equations derived for a Lorentzian frequency
distribution. The main features of the model studied in
this work include the effects of finite proton bunch length,
the one-pass interaction of the proton bunch with the
background electrons, and the effects of nonuniform
line densities. We have formulated an analytical approach
to derive the asymptotic solution of the coupled linear
centroid equations in the time domain for investigating
the e-p instability in a proton bunch propagating through
014204-13
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a stationary electron background. We have also discussed
the growth rate of the e-p instability and derived a dis-
persion relation for the case of a uniform density electron
background for frequency-domain studies. It was found
that due to the one-pass electron-proton interaction, the
unstable e-p mode has an asymptotic growth that scales
like expf
2!�J �z0�t�1=2g for large t, where J �z0� is defined
in Eq. (44). This result indicates that the growth rate of
the e-p instability is a function of both space and time. It
also indicates that for a Lorentzian distribution of proton
oscillation frequencies with nonzero spread, the instabil-
ity will eventually be damped for sufficiently long times.
It was shown that the electron oscillation frequency
spread can cause spatial damping but not temporal damp-
ing in the beam frame, and that the asymptotic amplitude
ratio between the proton oscillation and the electron os-
cillation is independent of the frequency spreads in par-
ticles. Numerical results obtained from applying the
theory were presented by considering proton line den-
sities with uniform and parabolic profiles.
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APPENDIX A: THE EXACT SOLUTIONS

To derive the exact solutions for Yp�z0; t� and Ye�z0; t�,
we start with the approximation

ŶY �z0; !� � !�3
� 
�z0� exp

�i!2
�J �z0�

!2 �!2
�

�
(A1)

obtained from Eqs. (37) and (42) in the main text, and the
differential equation

d2ŶY

dz02
�

�2�z0�

v2

�
1�

G�z0�

!2 �!2
�

�
ŶY � 0: (A2)

Equation (A2) can be derived by taking derivatives of
Eq. (36) and making appropriate substitutions. The quan-
tity J �z0� in Eq. (A1) is defined in Eq. (44). We will
determine the solution of Eq. (A2) first. Then, Yp�z0; t�
will be derived by using Eqs. (24), (33), and (35). After
that, Ye�z0; t� will be deduced from Eq. (20). The exact
solutions containing ��z0� can be obtained by taking the
complex conjugate of the results derived here.

Assuming the exact solution can be expressed as

ŶY �z0; !� � !�3
� Q�z0; !�
�z0� exp

�i!2
�J �z0�

!2 �!2
�

�
; (A3)

we substitute into Eq. (A2), which yields
d2Q

dz02
�

�
2




d

dz0

�
dQ
dz0

�

�
2i!2

�dJ=dz
0

!2 �!2
�

�
dQ
dz0

�

�!2
�dJ=dz

0

!2 �!2
�

�
2
Q�

1

!2 �!2
�

�
2i!2

�
d2J

dz02
�


�

v2W

d��2G�
dz0

�
Q � 0; (A4)

where W is defined in Eq. (30) as the Wronskian of 
 and �.
Expanding Q�z0; !� as the infinite series

Q�z0; !� �
X1

n��1

an�z0�

�!2 �!2
��
n ; (A5)

we derive a sufficient condition for Q�z0; !� to be a solution of Eq. (A4). This gives

d2an
dz02

�

�
2




d

dz0

�
dan
dz0

� 2i!2
�
d
dz0

�
an�1

dJ
dz0

�
�


�

v2W

�
d��2G�
dz0

�
an�1 �!4

�

�
dJ
dz0

�
2
an�2 � 0: (A6)

A possible nontrivial solution for an is

am � 0; for m< 0; (A7)

a0 � 1; (A8)

a1 � �
Z z0 dx


2�x�

Z x

2�y�

�
2i!2

�
d2J

dy2
�


�

v2W

d��2G�
dy

�
dy: (A9)

..

.

an � �
Z z0 dx


2�x�

Z x

2�y�



2i!2

�
d
dy

�
an�1

dJ
dy

�
�


�

v2W

�
d��2G�
dy

�
an�1 �!4

�

�
dJ
dy

�
2
an�2

�
dy; (A10)

for n � 2. Therefore, the exact solution for ŶY �z0; k� can be expressed as
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ŶY�z0; !� � !�3
� 
�z0� exp

�i!2
�J �z0�

!2 �!2
�

�X1
n�0

an�z0�

�!2 �!2
��
n ; (A11)

where an is defined in Eqs. (A8)–(A10). Then from Eqs. (24), (33), and (35) we obtain

Yp�z0; t� �
1�������
2�

p ��z0�
�z0�e��p�t�z0=v���e�z0=v�
X1
n�0

an
!�

#n; (A12)

where ��z0� is defined in Eq. (16), and #m is the Fourier integral defined in Eq. (B1) and evaluated in Eq. (B10) in
Appendix B. Thus, using Eq. (B10), we obtain

Yp�z0; t� �� i
�������
2�

p
��z0�
�z0�e��p�t�z0=v���e�z0=v�

X1
n�0

an
�2!��

2n

X1
m�1�n

1

�m� n� 1�!

�
iu
40

�
m

�
e�i0Im�u�� ei0Jm�u��
dm�n�1

dpm�n�1

�
1

pn
exp

�
�iu2

80p

��������p�1
; (A13)

where Jn�x� and In�x� are the Bessel function of the first kind and the modified Bessel function of the first kind,
respectively, an is defined in Eqs. (A8)–(A10), and 0 and u are defined by

0�!��t� z0=v�; (A14)

and

u�
����������������������������������������
2!�J �z0��t� z0=v�

q
: (A15)

To find the exact solution for Ye�z0; t�, we first substitute Eq. (A12) into Eq. (20) in the main text. This gives

Ye�z0; t� �
�1�������
2�

p 
�z0�e��p�t�z0=v���e�z0=v�
X1
n�0

an
!3
�

#n�1: (A16)

Applying the result in Eq. (B10) to Eq. (A16), we obtain the exact solution for Ye�z0; t� as

Ye�z0; t� � i8
�������
2�

p

�z0�e��p�t�z0=v���e�z0=v�

X1
n�0

an
�2!��

2n

X1
m�2�n

1

�m� n� 2�!

�
iu
40

�
m

� 
e�i0Im�u� � ei0Jm�u��
dm�n�2

dpm�n�2

�
1

pn�1 exp

�
�iu2

80p

��������p�1
: (A17)

APPENDIX B: FOURIER TRANSFORMATION

Here, we perform the Fourier transformation

#n �
Z 1

�1

1

�k2 �!2
��
n exp

�
ik
�
t�

z0

v

�
�
i!2

�J �z0�

k2 �!2
�

�
dk: (B1)

Defining

< � ik�t� z0=v�; (B2)
we rewrite #n as

#n � i��1�n�1�t� z0=v�2n�1
Z i1

�i1

1

�<2 � 02�n
exp

�
<�

u2

4�<� i0�
�

u2

4�<� i0�

�
d<; (B3)

where 0 and u are defined in Eqs. (A14) and (A15), respectively. There are two poles in the integrand at < � i0 and
< � �i0. Hence, from Eq. (B3) we obtain
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#n � 2���1�n�t� z0=v�2n�1Res<��ia



1

�<2 � 02�n
exp

�
<�

u2

4�<� i0�
�

u2

4�<� i0�

��

� 2���1�n�t� z0=v�2n�1Res<�ia



1

�<2 � 02�n
exp

�
<�

u2

4�<� i0�
�

u2

4�<� i0�

��
; (B4)

where we have applied the residue theorem of complex integration, and Resx�aff�x�g denotes the residue of f�x� at x � a.
We consider the residue at < � �i0 first. Letting s � <� i0 and employing the relation

exp

�
s�

u2

4s

�
�

X1
n��1

�
2s
u

�
n
In�u�; (B5)

we can expand the integrand as

1

�<2 � 02�n
exp

�
<�

u2

4�<� i0�
�

u2

4�<� i0�

�
�

e�ia

sn�s� 2i0�n
exp

�
�u2

4�s� 2i0�

� X1
m��1

�
2s
u

�
m
Im�u�; (B6)

where In�x� is the modified Bessel function of the first kind. The pole is now at s � 0, and

sk exp
�

�u2

4�s� 2i0�

�
(B7)

is analytic around s � 0 for k � 0. Therefore, it follows that

Res<��ia



1

�<2 � 02�n
exp

�
<�

u2

4�<� i0�
�

u2

4�<� i0�

��

� e�i0
Xn�1

m��1

�
2

u

�
m
Im�u�Ress�0



sm�n

�s� 2i0�n
exp

�
�u2

4�s� 2i0�

��

� �e�i0
X1

m�1�n

�
�u
2

�
m Im�u�
�m� n� 1�!

dm�n�1

drm�n�1



1

�r� 2i0�n
exp

�
u2

4�r� 2i0�

��������r�0
; (B8)

where r � �s.
By the same token, the residue at < � i0 can be evaluated as

Res<�ia



1

�<2�02�n
exp

�
<�

u2

4�<� i0�
�

u2

4�<� i0�

��
�ei0

X1
m�1�n

�
�u
2

�
m Jm�u�
�m�n�1�!

�
dm�n�1

drm�n�1



1

�r�2i0�n
exp

�
u2

4�r�2i0�

��������r�0
; (B9)

where Jn�x� is the Bessel function of the first kind. Substituting Eqs. (B8) and (B9) and r�2i0�p�1� into Eq. (B4), we
obtain

#n�
�2�i

�2!��
2n�1

X1
m�1�n

1

�m�n�1�!

�
iu
40

�
m

e�i0Im�u��e

i0Jm�u��
dm�n�1

dpm�n�1

�
1

pn
exp

�
�iu2

80p

��������p�1
: (B10)

The derivative with respect to p in Eq. (B10) can be expressed as a double summation of finite series by using Leibniz’
formula, but we will omit this step for brevity.

When n � 0, we obtain

#0 �
�ue�iJ �z0�=4

t� z0=v

e�i0I1�u� � ei0J1�u�� �

�e�iJ �z0�=4

t� z0=v

�
u4

3202

�

e�i0I2�u� � ei0J2�u��

� 4�i!�

X1
m�3

1

�m� 1�!

�
iu
40

�
m

e�i0Im�u� � ei0Jm�u��

dm�1

dpm�1

�
1

pn
exp

�
�iu2

80p

��������p�1
: (B11)

For u2 <0 or u2 � 0, we therefore obtain the following approximation for #0 by neglecting all of the m � 3 terms in
Eq. (B11):

#0 �
�ue�iJ �z0�=4

t� z0=v



e�i0

�
I1�u� �

u3

3202 I2�u�
�
�ei0

�
J1�u� �

u3

3202 J2�u�
��
: (B12)
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