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Stability analysis of longitudinal beam dynamics using noncanonical Hamiltonian methods
and energy principles
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In the presence of rf focusing and a purely inductive impedance bunch, equilibria in the form of
Haissinski distributions—when they exist—are linearly stable. This is the case whether the potential
well distortion associated with the impedance causes bunch lengthening or shortening. We provide a
general proof of this fact using Hamiltonian methods and energy principles. In the presence of bunch
shortening our analysis indicates that there is a critical current for linear stability. However, this threshold
is identical to the critical current defining the condition for the very existence of a Haissinski equilibrium.
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. INTRODUCTION Because of these limitations it would be of great inter-
est to be able to study the stability problem using methods

Th_e s_tudy of linear stability of angltqdlnal beam dy- different from mode decomposition. Natural candidates
namics in accelerators or storage rings is usually done b - b
re the energy principles and Hamiltonian methods that

normal mode analysis. While rigorous and well establishe :
ave successfully been employed in a number of prob-

in reference to coasting beams the method is not totally saj- . ' .
isfactory when applied to bunched beams. ems of plasma physics, astrophysics, and galactic dynam-

) ) ... . ics [6—11]. When they apply, these methods can be very
For coasting beams the problem of linear stability is ful and allow for full ch o fli d
analogous to that of plasma waves in a homogeneo QOWeriul and atiow for Tu™ ¢ aracterization of linear an
medium, a complete solution of which was first providedposs'bly even nonlinear stability. Unfortunately, we have

by Landau [1]—the only difference being in the form of to temper the reader’s enthusiasm and add that in the study
YL A nly , g1 . _of longitudinal beam dynamics they apply only if the ma-

the interaction potential. Landau’s method is setas an ini-, . = '~ X . : )

) ) . . chine impedance is purely inductive. Although quite pe-
tial value problem involving use of the Fourier (or Laplace) _ . T - :

, . . culiar, this is nevertheless a sufficiently important case to

transform on the linearized Vlasov equation but, as later . g L

-deserve our attention. Purely inductive impedances are of-

shoyvn by Van Kampe_n and Case [2,3], the procedure '¥en used in theoretical models, including those describing
equivalent to determining the eigenmodes of the SyStem'IongitudinaI space-charge effects [12]

The basic complication in treating bunched beams is the We will discuss two different but closely related ap-

coupling between the azimuthal modes that are very nat- ' .

) o .? . proaches. In both cases the demonstration of (linear) sta-
urally introduced to represent the distribution function in_.. = ; : ) )

X ; . hility is reduced to proving that a certain functional defined

phase space. As a consequence, Landau’s technique in its Lo 2 . . !

S ; . over the space of distribution functions representing devi-

original form cannot be applied. Instead, one introduces .. I . o -

an additional expansion in radial modes and tries to casét‘tIons from equilibrium is positive definite. These tech-

nal expar C 7 niques differ in the way the functional is constructed start-

the resulting linearized Vlasov equation in the form of a. : ; . . ,

ing from the ascertained existence of a suitable invariant.

finite-dimension eigenvalue problem upon suitable trunca- The first method [6—8] tries to identify the desired in-

tion of the expansion [4]. There are various dlfflCumesvariant by exploiting the Hamiltonian nature of the system.

V.wth this procedure. On the one hand, the Im_eanzed €Y% e assumes the point of view that the beam distribution
tion has the form of a singular integral equation—the sin-,

qularity being where the coherent frequencies equal thfunctlon is itself a dynamical variable in an infinite-

single-particle frequencies—and its discretization is no imensional ~ Hamiltonian (although not necessarily
gie-p q canonical) field theory. Upon suitable definition of a

well grounded mathematically [S], leaving the CONVET9eNCY, - miltonian functional and Lie-Poisson brackets equiva-

with respect to the order of truncation dubious at least. On : . ;
) .~ lence is established between the Vlasov equation and the
the other hand, even if normal modes can be determine . ) o
: : - . . —equations of motion for this field theory. The sought
exactly their completeness is usually difficult or impossible. . . . y ) DU
invariant is then identified as the effective Hamiltonian

to prove, thus excluding from consideration possible per- ina the li ved . ; )
turbations that cannot be represented as superposition 8?nerat|ngt e linearized equations of motion.
The second method [9—-11] uses the analogy between

normal modes. the linearized Vlasov equation and that of a harmonic os-
cillator to identify an invariant quantity analogous to the
energy. The analogy is not immediate and only becomes

e apparent after reexpressing the linearized Vlasov equation

*Electronic address: venturin@slac.stanford.edu as a second order equation in time. This can be done by
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using a decomposition of the distribution function in even
and odd components with respect to its dependence on
momentum.

By applying these methods we will be able to show that
in the presence of a purely inductive impedance, bunch
equilibria in the form of Halssinski distributions are al-
ways linearly stable, when they exist. We recall that the
potential well distortion associated with a purely inductive
impedance can cause either bunch lengthening or shorten-
ing—depending on the algebraic sign of the impedance,
machine lattice, and beam energy. Inthe presence of bunch
shortening it is possibleto determine acritical valuefor lin-
ear stability. However, we will also show that for currents
above thisthreshold a Haissinski equilibrium does not even
exist implying that the linear theory does not apply. The
collective forces are so overwhelming that no stationary
distribution can be put together.

The rest of the paper is organized as follows. After
stating the problem and establishing notation (Sec. 11), we
will introduce the two methods separately in Secs. 111 and
IV. A discussion of the stability results will be presented
in Sec. V and the conclusions will follow.

1. VLASOV EQUATION

Longitudinal beam dynamicsin a storage ring is the re-
sult of interaction with rf cavities providing longitudinal
focusing, coupling with wake fields and—if the current
intensity is particularly high—space charge. All these
effects are Hamiltonian in nature. In this paper non-
Hamiltonian effects due to synchrotron radiation will be
neglected except for the purpose of defining physically
meaningful equilibria (at least for high-energy electrons).

Following the notation used in [4,13] we work
with the normalized variables ¢ = z/0, and p =
—(E — Ey)/og, where z is the distance from the syn-
chronous particle, E is the particle energy, and E, the
beam design energy. For bunched beams the scaling fac-
tors o, and o are conveniently chosento obey /o, =
Eyvs/|m|R, where v, is the synchrotron oscillation tune,
7 the slippage factor, and R the ring average radius. The
above relationship holds if, for instance, o, and o are
taken to be the rms longitudinal size and energy spread of
a Gaussian bunch (in the limit of the vanishing current).
In passing, we recall that in the relativistic limit the
synchrotron tune », depends on the rf wavelength A+ and
peak voltage Vs as v2 = |nleVitR/EoA:, Where e is the
particle charge.

A beam is customarily described by a distribution func-
tion f(q, p) in phase space obeying the Vlasov equation

af _

where [, -] are the Poisson brackets and H is the “single-
particle” Hamiltonian. Assuming the linear approximation
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for the rf force, in the canonical coordinates ¢ and p, the
Hamiltonian H reads

1 1

H=Zp"+ 54 + U9, )
provided that we interpret the independent timelike vari-
able r as r = svy/R, where s is the orbit arclength (in
which case Ar = 27 corresponds to one period of syn-
chrotron oscillations). The beam distribution dependent
potential U, describes the action of the wake field forces.
The effect of the wake force is usually modeled in terms
of the wake function W(q — ¢'). Specificaly, W(g —
g")/2m R has the meaning of the longitudinal electric field
per unit charge acting on atest particle in ¢ due to a point
charge in ¢’. We have

q oo
v =1 [ ad [ ' wig = aw@. @
where p(q) = [f(q,p)dp is the normalized lon-
gitudina charge density and the parameter [ =
sgn(n)Ne?/2mvsop (with the meaning of a normal-
ized current) is proportional to the number of particles
N in the bunch. Here, we shal be concerned with the
specific case of apurely inductive impedance[12] Z(w) =
—iwL. We will refer to this impedance as purely in-
ductive whether the parameter L is positive or negative,
although when L < 0 one often speaks of purely capaci-
tive impedance [12]. The latter provides a model for
longitudinal space-charge effects [12,14].

The wake function for a purely inductive
impedance is the Fourier transform W(q) = [do X
exp(—iwo,q/c)Z(w)/27m = —(02/0'3)3’(51) where § is
the Dirac & function (here / denotes derivation with
respect to ¢g). With this choice of wake function the
Vlasov equation (1) takes the form:
af _ of d (~ N aof _

ot ap (q + 1L dq fimf(q,p)dp> +p Pl 0,
4

where I, = Ic?/o?. Equation (4) admits an infinite num-
ber of equilibria: any arbitrary function of the Hamiltonian
is, in fact, a stationary solution (i.e., dfo/dt = 0). How-
ever, we restrict ourselves to Haissinski distributions [12],
which are of the form f, = o exp(—Ho), with f, being a
normalization constant and H, the Hamiltonian evaluated
a f = fo, or equivaently
e P2

fO = \/ﬁ PO(C]), (5)

where p(q) is the solution of the Haissinski equation

d
L+ LLpo) = —qpo. ©)
q
with normalization [ p(q) dg = 1. Werecall that Haissin-

ski distributions are physical equilibriathat are realized in
the presence of radiation effects. In the limit I, — 0 a
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Hai'ssinski distribution becomes a Gaussian. Solutions cor-
responding to I;, > 0 (e.g., machine with positive momen-
tum compaction above transitionand L > 0) and I, < 0
display bunch lengthening and shortening, respectively
(see Fig. 1). We will comment more on the I; < 0 case
later in Sec. V.

The problem we are concerned with is whether Haissin-
ski equilibria are stable under small perturbations obey-
ing the linearized Vlasov equation. As usua one sets
f = fo + f1, where f, is a small perturbation and H =
Hy + H, (where Hy and H; are the portions of the Ham-
iltonian that depend on £ and f1, respectively) so that the
linearized Vlasov equation reads

% — tho. 1) + [ 0], ™
with
sl = 22 L [y i = K. @
1,J0 Lap dq ) p Ji1\g,p 1,

_ dpo\dfi _ afr _
[HO’fl]_(qu'IL dq)&p p 9 =Dfi. (9

The last equalities serve as definitions of the operators D
and XK, which will be used later.

The analysis presented in the following will apply to
bunched as well as to unbunched beams. It is useful then
to mention how our notation changes for coasting beams.
First, in scaling the canonical variable z it is convenient
to set the scaling factor o, equal to the machine average
radius o, = R, so that ¢ = z/R has the meaning of an
angle. Next, by defining the “time” as ¢ = s|n|og/EoR
the Hamiltonian becomes formally the same asin Eq. (2)
with the term ¢2/2 dropped and with the definition of 1
givenby I = ¢2N.Ey/2mosmn, where N, isthe total num-
ber of circulating particles. The Haissinski distribution is
the same as in Eq. (5) but with constant po(q) = 1/27.

-3 -2 -1 0 1 2 3 4
q
FIG. 1. Examples of charge density profiles po(g) of Haissin-
ski distributions for I; > 0 (displaying bunch lengthening),
I; < 0 (displaying bunch shortening), and I; = 0 (Gaussian
distribution).
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[11. HAMILTONIAN METHOD
A. The noncanonical infinite-dimensional formalism

It was first pointed out by Morrison [6] that the Vlasov-
Maxwell equations can be viewed in the framework of
infinite-dimensional Hamiltonian systems. Here we apply
this perspective to the Vlasov equation describing charged
particle beams. This entails interpreting a beam distribu-
tion function asa“point” in an infinite-dimensiona “phase
space.”

The key ingredient in a Hamiltonian system is the ex-
istence of a bilinear operator such that the set of dynami-
cal variables together with this operator is a Lie algebra.
We recall that by definition dynamical variables are func-
tions (or functionals in the infinite-dimensional case) with
domain in phase space. For finite-dimension canonical
Hamiltonian systems such an operator is represented by
the familiar Poisson brackets [-,-]. The Hamiltonian is
characterized as the generator of the time evolution of any
dynamical variableincluding the canonical variablesthem-
selves

¢ =lg¢.Hl, p'=I[p.H] (10)
As we move to infinite-dimensional and not necessarily
canonical systems we want to maintain the notion that
a Hamiltonian still generates the equations of motion in
conjunction with a more general linear operator—the Lie-
Poisson brackets—with all the properties (antisymmetry,
Jacobi identity) that one demands in order to have a Lie
algebra.
The challengeisto find suitabl e definitions of a Hamilto-
nian J{ and Lie-Poisson brackets{-, -} so that the equation
of motion for this infinite-dimensional theory

< FIA = {FULHID (1)

is equivalent to the Vlasov equation (1). We emphasize
that (11) is a functional equation, the Hamiltonian HH
itself is a functional, and the Lie-Poisson brackets define
an operation between functionals.

Quite naturally, the choice for the Hamiltonian H pro-
posed by Morrison is the mean energy of the system. In
our case the single-particle Hamiltonian H is

1 1 I [~
H(g,p;t) = —p* + —¢* + EL/_ dp' f(q.p'),

2 2
(12
so that for H we have
Hfl= qudpf(q,p)
1 1 1 s
X (3192 X _wdp’f(q,p’))
(13

The factor 1/2 before the last integral on the right-hand
side (RHS) comes from avoiding double counting of
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particle interactions. In turn, the Lie-Poisson brackets are
defined through
8 A 6B
= —_— 14
(ABYH1 = [ dady| e | a9
where § - /8 f isthefunctional derivativeand[-, -] arethe
usual Poisson brackets. This definition is consistent be-
cause functional derivatives are functionsin ¢ and p and
the Poisson brackets operate on functions. We recall that
the functional derivative § A /S f of afunctional A isde-
fined as the kernel of the integral expression that identifies
the first variation of that functional
)
oA Sfdgdp. (15)

SA[f:6f] = of

In turn, first variations can be calculated using the familiar
prescription*

SALF6f] = L ALF + t3fllmo.  (19)

It can be verified [6] that the brackets {-, -} are bilinear
and are legitimate Lie-Poisson brackets fulfilling the anti-
symmetry condition and Jacobi identity:

(A, B} = —{B, A}, @
{A{B,CH + {B,{C, A} + {C.{A, B} = 0.

Equipped with the machinery of the calculus of variations
one is ready to show that Eq. (11) is, in fact, the Vlasov
eguation in disguise. To this end we first need to identify
those functionals ‘F that can be related to beam distribu-
tions. Wechoose F = F, ,[ f]1 = f(q, p). With abuse of
the notation Eq. (11) is then generally written as

d

That is, one identifies the functional F, , with a point in
the phase space of this system, i.e., the function f itself.
This is completely analogous to the abuse of the notation
that one commits in writing the canonical equations (10)
where the symbols ¢ and p are used to denote both a point
in phase space (as arguments of the Hamiltonian function
H) as well as the components of the function expressing
the coordinates of that point.

To verify the equivalence between (11) [or (18)] and
(1), one has to make use of the boundary conditions
lim, ,—+«f = 0 and the various definitions we have
outlined. It helps to observe that 6 F, ,[ f; 6] = 6f and
from definition (15),

5j:q,p

57 ) o(g —q)o(p — p), (19)

Istrictly speaking Eq. (16) defines a weak (or a “Géteaux”)
differential, while what is needed is a strong (or “Fréchet”)
differential. However, it can be shown that if astrong differential
exists it is identical to the weak differential.

054403-4

SH
—— =H 2
Y , (20)
where the §’s are Dirac & functions.
Before ending the section one has to make some impor-
tant observations concerning the existence of the so-called
Casimir functionals [7,8]

Cii1= [ dgdpx(p), (21)

where y(f) is an arbitrary function. These functionals
are dl invariant {#H,C} = 0. The existence of an infi-
nite number of constants of motion has implications in
the description of the geometry of the phase space [6].
In the following, however, we will be more interested in
the additional property that the Lie-Poisson brackets of a
Casimir with any f vanish: {f,C} = 0. A consequenceis
that the Morrison Hamiltonian 4 is not uniquely defined.
Clearly any H. = H + C will generate the same equa-
tion of motion as F{. As we will see next, this freedom
in choosing the Hamiltonian will be crucial to our ability
to characterize stability of the linearized motion.

B. Linearized equation

To study the solution of the Vlasov equation in the lin-
ear approximation we proceed by making a Taylor expan-
sion in (18) around the Hal'ssinski solution: f = fo + f1.
Alerted by the observation made in the last paragraph we
choose as Hamiltonian H, = H + C with C to be de-
termined. To carry out the calculation we need a first or-
der expansion around f = f, for the functional derivative
8H. /81 [7]

SH. SH. N 1 8(8%H,)
5f  8f I 2 8
where the second variation is defined as 82H, =

82 H [ fo; f1.f1]1 = d/dt(SH [ fo + tf1; f1]) li=o.
foi|

(22)

Through first order

aa_ftl - qudpfl[s(q ~4¢)5(p — p),

SH,
of

+ / dq dp fo[S(q —q")8(p — p).

1 5(5%)}
2 oh I

Let us now focus our attention on the last term and
notice the similarity with the expression defining the Lie-
Poisson brackets in (14). The only difference is that here
the kernel of theintegral is f as opposed to the dynamical
variable f. As one can guess the last term in Eq. (23) is
yet another instance of Lie-Poisson brackets [7]. Indeed,
one can verify that the brackets {-, -}; defined by

(ABu = [dgap o 5557 @

(23)
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satisfy all the properties (17). Moreover, observe that if
in (23) the term with the derivative 6 . /8 f happened to
vanish we could write the linearized equation in a Hamil-
tonian form

W 5 8 25)

with the second variation 823, /2 playing the role of an
effective Hamiltonian for the linearized motion. This is
where we exploit the freedom of choosing H.: we will
show in amoment that by selecting a suitable Casimir it is
indeed possible to make FH, stationary in £y, i.e., to have
83H,./8f = 0 s0 asto remove the undesired term in (23).

From definition (21) evaluation of thefunctlonal deriva-
tive of the Casimir is stralghtforward f = d"(f . Now,
we wish to determine a y (f) such that

dx

= My =0. (26)
fo

5f I, of I ofly,

Being interested in stationary solutions of Haissin-
ski form fo = foexp(—H,) we can immediately
conclude that the equation above is satisfied if
d)((f)/dflf:fo = IOg(fO/fO)

Once the equation for the linearized motion has been
established we can immediately draw some conclusions
regarding stability. First of all, one should observe that
the effective Hamiltonian 827, is an invariant under lin-
ear motion (i.e., {62 H., 6> H_.}; = 0, because of the an-
tisymmetry property of {-, -};). Thissuggeststhat if 52 F.

— 82 H . were positive definite over the set of all per-
turbations one could use 8§27, itself to define a norm,?
i.e, I fill = |82H [ fo; 1, f1]l. Thefact that for all times
t >0 onehas || fi(0)ll = || fi(t = 0)]| is a statement of
linear stability.

The last task is to evauate §2H, = 82H + 82C in
fo. From the expression of the Morrison Hamiltonian (13):

2~'5"[——-'5"[[f0+ff1]

t=0
=ILfdqdpfl(q,p)/dp’fl(q,p’), (27

while the second variation of the Casimir functional is

) Sfottfi ra
¢ = g [aaar [ f)ar |
=jdqa’p]l (28)
fo
In summary,

20ne hasto make sure that thisis, in fact, alegitimate definition
of anorm; it isin our case.
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L dq[ffl(q,p)dpf- (29)

It is a useful exercise to verify that indeed the reduced
Eq. (25) isidentica to the linearized Vlasov equation (7)
and that (29) is a linear invariant.

Because the first term on the RHS of (29) is dways
positive a sufficient condition for linear stability is

S Hlfos f1.f11>0, VfiES, (30)

where %, is the set of all physically admissible perturba
tions. The functions f; belonging to X are required to
satisfy the following very mild conditions. They should
(i) be differentiable, (ii) decay sufficiently fast at infinity
in order for the integrals in (29) to exist, and (iii) be con-
sistent with charge conservation [ f, dgdp = 0.

A simple inspection of the functional (29) shows that
condition (30) is always satisfied if I, > 0. The case
I, < 0 requires some more work and will be discussed in
detail in Sec. V. Weremark that within thisframework one
cannot prove that (30) is necessary for stability. However,
a necessary condition can be established by using the dif-
ferent but closely related argument that will be presented
in the next section.

IV. THE LAVAL-MERCIER-PELLAT ENERGY

PRINCIPLE
Suppose we were presented with an equation of theform
3f
atz - L fl ) (31)

where £ isalinear operator defined on the space 3 3 f
representing first order perturbations ;. If £ wereatrivia
operator whose action were to multiply the function f by
aconstant L, i.e., L f; = Lf;, then the equation above
would simply be that of a harmonic oscillator. Energy
conservation would imply stability if the potential energy
term Lf2/2 were positive for al £y, i.e,, if L > 0. A
generalization of thisideato nontrivial operators underlies
the Laval-Mercier-Pellat (LMP) energy principle [9,10].
The key ingredient is the existence of a scalar product
(+,+) in the space X with respect to which the operator
L issdf-adjoint. It is easy to verify that if such a scalar
product exists the “energy” functional

E[f1=T[f1+ ULS], (32)

naturally defined in terms of the “kinetic energy”
TIf1=<{f,f)/2 and “potential energy” functionas
ULf]=(f, Lf)/2isinvariant (i.e.,, E' = 0) if f isthe
solution of Eq. (31). Hereaprime’ denotes differentiation
with respect to time. Because 7 [ f] is aways positive
definite, if one can prove that the potential energy term
U[ f] is positive over all possible displacements f;, one
can immediately conclude from energy invariance and
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Eq. (32) that the solution f cannot grow indefinitely (i.e.,
(f', f")y must be bounded). That is, like Eq. (30)

Ulf]>0, Vfiex, (33)

is a sufficient condition for stability. In addition, one
can prove that if there exists a displacement ¢ such that
U[] < 0, one can find at least one solution that grows
exponentially (see Appendix A). In other terms Eq. (33)
unlike Eq. (30) is also necessary for stability.

This is an interesting result but, of course, useful only
if one is able to cast the linearized Vlasov equation (7) in
the form (31) of a second order equation in time. This can
be done using atrick suggested by Antonov [15]. Theidea
is to decompose f into even and odd parts with respect to
momentum inversion, i.e., f1 = f+ + f— with

fola.p) = S LA = filg.—p)]. (39
If weinsert this expression into Eq. (7) and set to zero the
even and odd parts separately we find

o+

at :Df_7

(35)

af-
ot

having used the definitions of the operators JH and
X introduced in Egs. (8) and (9), the facts that
[.dp f-(q,p) =0 and afy/dp is odd in p. After
differentiating (36) with respect to time the two equations
above can be combined into

9 f - 2 _

W =D f_.+KDf-=~-Lf_,
which isin the form (31), asdesired, with £ = —(D? +
XK D). The next step is to introduce a scalar product (-, -).
A suitable choice for any two functions f, g € X is

(f.8) = [ J;fjdqdp,

with the weigh function f, being the equilibrium
distribution.

The key point now is to show that the operator £ is
self-adjoint with respect to this scalar product. This can
be done, as usud in this kind of calculations, by carrying
out integration by parts and using the boundary conditions
lim, ,—+f,g = 0. Interms of this scalar product we can
then evaluate the potential energy functional

=Df+ + Kfs, (36)

(37)

(38)

ULF] = S Lf) = =5 (- D)

- S KDf). (39)

Again, evaluation of the two terms requires carrying out
integrations by parts and use of the boundary conditions:
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2
(f-,D*f-) = —f %dqdp,

o x00= 4 [al [aror .

We finally obtain the following expression for the potential
energy functional:

D 72
Uulr-1= %] %dpdq

+% quDfde. (40)

We recognize that (40) has aform very similar to that of
the functiona (29). Again, if I, > 0 then U[f-] is cer-
tainly positivefor all /- € X _ implying that the systemis
linearly stable [recall (33)]. Here, with %, weindicate the
subset of the physically admissible perturbations belong-
ing to 3, that are invariant under momentum inversion. On
the other hand, if 7; < 0 and U[f-] < 0 for some dis-
placement f_ the motion is unstable.

V. DISCUSSION OF STABILITY

We have aready observed that the condition (30) for
stability, i.e., 82, > 0, isimmediately satisfied if 1, >
0. For I; < 0 the requirement 627, > 0 can be restated
as

[ f*/fodqdp _
[dq([fdp) ML,

for dl f € 3. The last equation defines the functional
M| f]. Clearly, the minimum of the functional M| f]

17| < (41)

I’ = —minM[f] (42)
fEX

yields an upper bound I;” to the threshold of stability. That

is, the motion is stable if 1, > I,".

The task now isto determine 7;” by minimizing M f].
To thisend it is convenient to introduce a “change of vari-
able” in the definition of M [ f] by rescaling the trial func-
tions with respect to the Hal'ssinski solution f; and write
f = f+/fo. With the understanding that M is now de-
fined in terms of the functions f:

2 [F*dqdp
MU= Tag (7 iy
_ V27 [f*dgdp
[dq po(q) (] fe=r*/*dp)>’
where in the second equality we have used the form (5)

of the Hai'ssinski solution. Next, we invoke the Schwartz
inequality

(ffe”z/“dp)z = fﬁdpfe*”z/zdp, (43)

and write
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_ 72 da d 72 da d able. Second, the derivative d po/dq of anormalizable so-
M(fl= JJ*dq dp JJ* da dp (44)  Iutionisalways negativefor ¢ > 0 and positivefor g < 0.

Jdqpo[F*dp  [pof?dgdp’

Because Haissinski solutions po(g) & g = 0 have a
maximum po (see remark at the end of this section),
it is clear that the right-hand side of (44) is adways
larger than 1/py. One can verify that 1/p is in fact a
minimum for the operator /M and not just a lower bound
by considering the family of functions f, = ¢~ 7"/4h,(q),
where hy(q) = e 722 /2m A — A /[1 + (Ag)*] with
A, being a normalization constant chosen to guarantee
that [[ fa/Fodgdp = 0 so that fo/fo € 2. It is easy
to see that in the limit A — 0 we have M [ f ] — 1/po.
Therefore, we conclude that 7;” = 1/po.

Similarly, by considering the expression (40) for the
functional ‘U we recognize that condition (33) when I, <
0 is eguivalent to
[(Df-)’/fodqdp
[dq ([ Df-dp)>

Notice that one cannot infer that ming_ es M[D f_] =
minges M[f] smply on the basis of the similar-
ity between (41) and (45) because the codomain
D3_ is only a subset of . However, the same
conclusion can be reached by repeating the argu-
ment above with dlight modifications.  As before,
we do the scaling f- = f-/fo. Because Df, =
[Ho, fo(Ho)] = 0itis D (f-/fo) = +/fo D.f- enabling

us to write

7] <

- M[Ds.]. (45

V27 [(Df-)*dgdp
[dq po([ e /D - dp)?
_ J(Df-)Ydqadp

[po(Df-)dqdp’
where, again, we have made use of the Schwartz in-
equality. The last term on the right is =1/py. In fact,
one can verify that 1/p is a minimum by evauating
the limit limy_oM[D fA] = 1/po over the family of
functions 72 = h(q)pe ?/*/(p* + A), with h(g) =
ge~9/**/\J2X. Therefore, min; s M[DF-]= 1/po.

Because (45) is a necessary condition for stability, we
conclude that

M[Df-1=

(46)

It = -1 (47)
Po
isin fact a critical current; that is, the motion is stable if
and only if 1, > I;™.

This conclusion applies to bunches as well as to coast-
ing beams. However, for bunched beams we encounter the
peculiar situation that the stability condition is the same as
the condition for the existence of the equilibrium (Haissin-
ski) solution. This can be easily seen by inspection of
the Haissinski equation (6). First, one observes that in or-
der for physically acceptable solutions to exist it must be
po(g)l, + 1 >0 for al g. Indeed, if this quantity were
negative at one point the solution would not be normaliz-
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In other terms, pg = po(g = 0) is the function maximum
and the condition for a physical solution to exist can be
restated as pol;, + 1 > 0, consistent with (47). We con-
clude that in the presence of a purely inductive impedance
for bunched beams— both above and below transition—a
Hai'ssinski solution, if it exists, is always stable. For nega-
tive I; with I; < I7™" an equilibrium solution, however,
does not exist and alinear motion analysis does not apply.
Obvioudly, in this case it is till reasonable to interpret the
motion as unstable.

For coasting beams po = 1/27 (see end of Sec. Il) so
that I;™ = —2ar. Thisis identical to the threshold pre-
dicted by the standard (Landau) linear theory based on
wave expansion (see, eg., [14]). According to this the-
ory one looks for solutions in the form f; « ¢ i@iting
and then determines the emergence of apositive imaginary
part in the frequency » with the help of the dispersionrela
tion1 + 2’—;[1 + iyJ7 Qw(Q)] = 0, where w isthe error
function of the complex argument and Q = w/v/2n. The
stability condition one deducesisI; /27 > —1, in accor-
dance with our analysis.

V1. CONCLUSIONS

The main result of this paper is a demonstration that
longitudinal bunch distributions in the form of Haissinski
equilibria, if they exist, are aways stable in the presence
of a purely inductive impedance. Thisis the case whether
the potential well distortion associated with the impedance
causes bunch lengthening or shortening.

This result should be contrasted to the standard analysis
based on mode decomposition. Using this method the
frequencies w? for the normal modes « exp(—iwt) are
determined as eigenvalues of an infinite-dimension matrix.
For a purely inductive impedance the most one can do
without getting into anumerical calculation isto show that
such amatrix is symmetric implying that w? isreal. Thisis
consistent with @ being either rea (implying stability) or
purely imaginary (implying instability) [4]. Incidentally,
that for normal modes w2 must be real can also be quickly
established from Eq. (31).

We conclude with three final remarks. First, we men-
tion that results similar to those highlighted in this paper
could also have been derived by considering more general
non-Haiissinki equilibriain the form of strictly decreasing
monotonic functions of the single-particle Hamiltonian.

Next, it is worth noticing that the threshold (47) could
have been obtained by invoking the Boussard criterion
[16]. Boussard stated that if the wavelength of the instabil-
ity is small compared to the bunch length one is permitted
to apply the linear analysis valid for coasting beams. The
current of the equivalent coasting beam should be the same
as the peak current for the bunched beam. The example
discussed in this paper is an interesting instance in which
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Boussard’s criterion appears to give the exact answer. We
recall that Boussard formulated his statement purely on the
basis of physical intuition, athough later there have been
attempts to put it on a more rigorous ground [17].

Finally, we would like to follow up on the observation
made in the introduction regarding the exclusive appli-
cability of the methods discussed in this paper to purely
inductive wakes. The problem with more general wake
fields is the lack of symmetry in the interchange between
g and ¢’ in :[he primitive of the wake field function S(g —
q") = [T W(r)dr. In the case of the LMP method of
Sec. IV this prevents the operator £ of Eq. (31) from
being self-adjoint. As for the Hamiltonian method of
Sec. Il the difficulty is that the functiona derivative of
the Morrison functional Hamiltonian (13) does not equal
the single-particle Hamiltonian [that is, Eqg. (20) does not
hold]. Whether a different choice of the functional Hamil-
tonian could work in the more general caseis not clear at
this point.
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APPENDIX: NECESSITY OF THE
LAVAL-MERCIER-PELLAT CONDITION

Here we report the proof [10] that condition (33), i.e.,
U[f]>0, V f €& 3 isnecessary for stability. In par-
ticular, it is shown that the functional I[ /] = (f, f), rep-
resenting a norm of the displacement f, grows at least
exponentialy if there exists a displacement ¢ such that
U[] < 0. The reasoning goes as follows. We take
such an ¢ to be the initial condition f4(r = 0) = &,
and we choose the initia time derivative to be f/ (r =
0) = poi where pq is a positive number defined as py =
{=U[y]/I[]}'/2. First, observethat with this choice the
energy functional isinitially zero

ELft = 0] = 5 Cpothopo) + 5 W L)

— 2 (IY] + UD =0, (49

and because the energy functiona is invariant it remains
zero at later times.

From the definition of I[ /] if wetakethefirst derivative
with respect to time we find I’ = 2(f’, f). As a conse-
quence of Schwartz inequdlity, {f,g)> = (f, f){g,g) we
can write the estimate

T = &K = KNS = 8TILAILS
(49)
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On the other hand, by taking the second derivative of 1
we have

I"[f1=4T[f]1 - 4Ulf1=8T[f], (50)

where the last equation follows from the energy £ =
T + U vanishing. Next, we combine (49) and (50) to
obtain

1/2 I// 1/2 d I/
< ()

7 T I ar =0, (51)

from which we infer that

/
- = . 2
7 const (52)
The constant of integration is determined by theinitia con-
dition const = 2py, (at t = 0 we have I’ = 2{poif, );
thatisI'/1 = 2pg). Wefinaly concludethat I/ = 2py ]
or I = Iyexp(2pot).
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