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Intrabeam scattering in electron storage rings
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A calculation method of emittance growth of an electron beam due to intrabeam scattering is described.
The 3 degrees of freedom are equally treated in the beam rest frame, and the couplings between them
areincluded in a natural way. Thisformalism is suitable for the calculation of the emittance growth with

the beam-envelope method.
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I. INTRODUCTION

In the past few years, the emittance growth due to thein-
trabeam scattering has been an important issue in electron
storage rings for electron-positron linear colliders and syn-
chrotron light sources. Even though the basic theoretical
framework was established by Piwinski [1] many years ago
and developed by other authors[2,3], a precise comparison
between the theory and the experiment was made possible
only recently [4—6]. In this paper we intend to clarify
the basic formula again and restate its essence to be ap-
plicable to a general situation with couplings between the
degrees of freedom. This formalism is suitable for the nu-
merical calculation of the emittance growth with the beam-
envelope method and used in a computer program sap [7]
for calculating the equilibrium beam emittance in an elec-
tron storage ring.

II. BJORKEN AND MTINGWA (BM) FORMULA

We start from the formula of Bjorken and Mtingwa
(BM) [2] because it isready for generalization for coupled
beams. Only scattering of two particles close to each other
istaken into account, or scattering is assumed to take place
locally in the space. In our paper, everything is described
in the beam rest frame unless explicitly noted. Note also

dN 1

md’ p}

md’p)

PACS numbers: 29.27.Fh, 29.20.Dh, 41.75.Ht

Let us consider a bunched beam and assume that the
phase-space distribution of the beam is Gaussian. Follow-
ing BM, p(x, p), the electron’s phase space density, can
be expressed as
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where §p and 8x are the momentum and coordinate de-
viation from the average and N is the number of electrons
in the beam.

A rate of eectron-electron scattering, in which the
4-momentum of two particles changes from (py, p2) to
(p1, p2), is expressed as (8]
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where E, E,, E}, and E} are the electron energies corresponding to their momentum, and m is the electron mass.

For a nonrelativistic scattering [9],
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where ¢ = p| — pi. In the center-of-mass frame of the two particles,
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q* = —2|p11*(1 — cosh), (7 IM|? =~ (47-;&)2%_ 9)

q
and Let us consider the average of the second order product
(p1 — p2)* = —4lpi1% (8  ©of momentum, (p;p;), (i,j = 1,2,3). Here the angle

where @ is the scattering angle. Because scattering with
small angle is dominant, from now on the approximation
as follows will be used:

bracket indicates the average over al particles in a
bunch. From the equations above, change of this aver-
age in a short period of time Ar can be expressed as
follows:
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the last factor of Eq. (8) becomes [10]

(pDi(pD); — (pDi(p1); + (pDi(p2); — (p2)i(p2);
= 2(qiA; + qjA; + qiq;).  (14)

From Egs. (1) and (2),
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Using nonrelativistic approximation,

S
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the integration of x and ¢ can be done straightforwardly,
and Eqg. (10) becomes
Alpipj)
At
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(19
where J; and J;; are the spatial components of the 4-vector,

1., and the 4-tensor, J,,,
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Note that indices i, j, and k go from 1 to 3, whereas u
and » go from O to 3.

Let us first consider the center-of-mass system (CMS)
of the two scattering particles because the integrations can
be performed easily in this coordinate system. We choose
the direction of the CMS as

A = (0.0,1A]). (22)
q0 = 0, (23)
q= |A] (sing cos¢,singd sing,1 — cosh), (24)

where 6 and ¢ are the scattering angles. The results of the
integrations are as follow:

Iy=1, =1, =0, (25)
mm 1
I =—— d(cosf) ———, 26
= [t @9
Jur =0, (n # v), (27)
Joo = 0, (28)
mm 1 + cosf
= = — d —_—, 29
Ji =Jn 8|A|/ (cosp) |~ cost (29)
and
mm
J3 = — [d(cosﬂ). 30
2= A (30)

The integrals in Egs. (26) and (29) are divergent for
small scattering angles. Here, let us simply denote this
integral as (log), so called “Coulomb logarithm,”

124401-2



PRST-AB 4 INTRABEAM SCATTERING IN ELECTRON STORAGE RINGS 124401 (2001)
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1 1 + cosf where v is the typical particle velocity in the beam rest

~ d(cosf)
4 1 — cosp frame. .

Considering the definition of A, Eq. (12), and its distri-
> f d(cosf), (31)  bution, A can be replaced by 6p/+/2. Here, 8 denotes

and discuss it later.

Now, let us express the integrations in a general coordi-
nate system. As can be seen from Egs. (20) and (21), 7,
and J,,, depend only on the momentum of the two scatter-
ing particles, p; and p,, and can be expressed asafunction
of 4-vectors W and A which are defined as

W/.L = (pl),u + (PZ)M, (32)

(pl)y. -

(pZ),u
) .

A, = (33)

From Egs. (25)—(30), and considering that 7, is a
Lorentz vector and J,,,, is a Lorentz tensor, these can be
expressed in a general coordinate system as

aTm
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3
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From these results, Eq. (19) becomes
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Here the calculation is in the rest frame of the beam, we

assumed that the particles are nonrelativistic in the frame,
then we ignored the term W, W;/W?2,
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deviation of p from the loca average, where we should
average over particles at the same position, x; = x,, be-
cause scattering is assumed to take place localy,

A— %. (41)
Let us introduce a vector
& =28 —>258p. (42)
Then, S can be expressed as
§=Laran, @3)

where A isthe 3 X 3 matrix in Egs. (2) and (17).
Finally, we obtain
ASpidp;)
At

7Ta2mN(|Og)

X Z f d we_ (6l]|w| 3&)[&)]'),
i,j=1
(44)

which gives the momentum diffusion rate in the beam rest
frame. Basically the same equation is in BM, where the
rate is expressed in the laboratory frame. The rate ex-
pressed in the beam rest frame is different from the rate
expressed in the laboratory frame by the energy factor y
of the beam. Thisis due to a relativistic time expansion

Ar = Al (45)
Y
where Az, isthe timein the laboratory frame which cor-
responds to the At in the beam rest frame.
Considering Egs. (1) and (2), the 3 X 3 matrix A is
expressed as

A=F!, (46)

where F is the local average of momentum matrix,
Fij = (6pidpj)- (47)
In BM, approximations are used, such as assuming
no horizontal-vertical and vertical-longitudina coupling.

Then, using beam parameters in the laboratory frame, A
is expressed as
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A=—5 v >
=~ P ow = Rép, (52)
B 0 _ B vé then the matrix G represents average of second order of
€ 5, € momentum as follows:
X 0 s 0 ,
B« » a B: ¥’} 2,0 Gij = <6W,‘5Wj> = 5,']'145 . (53)
€ ’y(b 0 o} + ex( B2 +y ¢ ) . . .
(48) Let us introduce « for convenience as follows:
where ppeam 1S the average beam momentum, e, the hori- :Z = 28w (54)
zontal emittance, €, the vertical emittance, 7, the hori-
zontal dispersion, o5 the relative energy spread [11], and or
b=n + a;gm (49) y=Ro ad & =R"y. (55)
X

Such approximations are not necessary, and we propose
to treat al three axes equally and include couplings in a
general way. Diagonalizing the 3 X 3 matrices F and A
makes it possible, as we explain in the following.

[11. DIAGONALIZATION

First, let us consider diagonalization of matrix A to sim-
plify the integration in Eq. (44). Since the loca average
of 3 X 3 momentum matrix F is symmetric and positive
definite, it can be diagonalized as

u 0 0
G = RFR" = ( 0 u O ) (50)
0 0 us
by an orthogonal matrix, R, which satisfies
RT =R, (51)

Because ¢ 5 should express a Gaussian distribution of
momentum of the particles, and (6w;6w;) = 0 unless
i =],

- = ow? Sl ., 11,
S22 aewd & T L uwt
On the other hand, from Egs. (43) and (55),
§ = 10 RART . (57)
Then, A is aso diagonalized by R as
- 0 0
RAR" = | 0 & 0 |, (58)
0 0 -+

us

which can also be derived from Egs. (46), (50), and (51).
Thediffusion rate of the normal momentum is expressed

Let us define “normal momentum” Sw as as
|
Awiwj) _ ma’mN (log) d3¢e_§ Gl = 3up) — ma’mN (log) 8~f d> 67(1/4)Zk:‘uikl/flg (P = 352
At 2T |3 Y e T i 3 i)
(59)
which is derived from Eq. (44) using | Awd _ - ;
=cil(g2 — g1) t (&3 — gV,
lo] = |, (60) At
Al
[d3a) _ j By (61) % = ci[(g1 — &2) + (g3 — g2)]. (65)
3 A<W§> _ _ _
Z Ri,kRj,l<6pk6pl> _ <8W,6Wj>, (62) At - Cl[(g] g3) + (g2 83)]’
k=1 3 introducing oS 1
Pye” 1/4 o Ly?
RixR;(81) = (8ij), (63) =1 w Tk 2
k,lzz‘l / ! 8i 477 |¢[|3 ¢1 (66)
S RuRyswran) = (i) e o
ikRj(wrwp) = (i) . 2 2 2
=1 ¢ = 27*a*mN(log) _ ryN(log) 67)

Replacing p by w and by ¢, Eq. (59) has the same
form as Eq. (44) except the S, which has no cross term of
. Equation (59) can be expressed as
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where r, is the classical electron radius, and €, €, and
€3 arethe normal mode emittancesin the laboratory frame.
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Since the quantity g; resembles the average squared mo-
mentum, it can beinterpreted astemperature. A(wi)/Ar is
heating in the direction k, and Egs. (65) can be explained
as “Heat transfer from one direction to another is pro-
portional to the temperature difference between the two
directions.”

The integral of 43 can be transferred to the integral of
one variable, which is more suitable for numerical calcu-
lations. Using

! fw dA SO
— = ——+Ae , 68
l | 0o 4T (68)
asin BM, and replacing the variable as
A = —tan’s, (69)

/2 2u; Sins coss ds
g1 = ,
0 (sin’s +

u

2 cog?s) (sin’s +

23]
us

C0S2s)

U

& 2u, Sin?s coss ds
82 = ) m > ) m > 5
0 (sin’s + = cos’s) (sin“s + ;= cos’s)

uy

(2 2u3 Sin’s coss ds
“7 o (sin?s + 2 costs) (sin’s + 2 cos?s)
s + 5 Cos’s) (sin“s + - cos’s)
(70)

Finally, the diffusion rate of the momentum is calculated
as

Alpip;) 3 Awp)
At _,;RikRjk At

. (71)

IV. LOG FACTOR AND TAIL CUT

The so-called Coulomb logarithm is an ambiguous part
of the formula and is only roughly evaluated. However, as
shown later, the result can be significantly different from
other calculations, such asin Ref. [2].

Thisfactor isfrom the integral of the scattering angle, 6,
in the center-of-mass frame of the two particles asfollows:

1 COSOmin
(log) = —

1
d(cosf) ——
2 J cosimex ( )1—

cosd

where Opmin and O are the minimum and maximum
angle, respectively. min = 0 makesthe integral divergent,
reflecting the long-distance Coulomb force.

Let us consider the impact parameter, b, of the scat-
tering. For nonrelativistic Coulomb scattering, the impact
parameter is expressed as afunction of the scattering angle
as
ma cot 0 2ma
lpl> 2 6lpl*’
where p isthe momentum of the particlesin the center-of-
mass frame, and the approximation is good for small 6.

b(6) = (73)
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Let us define
2 ma 2ma
bin = = = p 7] =
mn <5P2>\/1 — COSOmax (Bmax) 9max<5P2>
(74)
b _ \/Ema ~ b)) ~ 2ma
mee (6p?) /1 — €OSOnin mn Omin(8p?)’
(75)

so that we may set bmin and bmax instead of Omax and Opin,
and the log factor is expressed as
bmax gmax

=~ lo . 76
bmin d 6’min ( )

The approximation is good if

(log) = log

mao
(6p?)°
p? \gvas replaced by the sgquare of a typical momentum,
(6p°).

We did not include following process in the calculation:
(i) scattering with impact parameter larger than the beam
size, (ii) scattering with impact parameter larger than the
mean distance between two closest particles, (iii) rare scat-
tering with small impact parameter, whose rate is smaller
than the radiation damping rate.

The first two criteria mean

bmax = Min((@) ", o1, 2. Jv3).  (78)

where (0) is the average of particle density and v, vy, v3
are the eigenvalues of the beam spatial matrix (x;x;). Ref-
erence [2] uses (log) = 20 instead of stating what bpmax
should be. Reference [1] takes bma = (0)~'/3/2 and
Ref. [3] takes bmax = (@)~ /3. We take the beam size of
the minimum direction if it is smaller than the mean dis-
tance between two closest particles. Other discussions are
found. For example, Ref. [12] suggests taking the beam
radius instead of the mean distance of particles. Note that
the choice of bmay is still ambiguous.
The last criterion is interpreted as so-called “tail cut,”
which was proposed by Raubenheimer [13,14], but was not
considered in Refs. [1-3]. Actual beam distribution may
not be Gaussian. On the other hand, in our calculation the
distribution is assumed to be Gaussian, and only the core
part of the beam should be considered. Therefore large
angle collisions whose rate is | ess than the radiation damp-
ing rate and which make a beam tail should be eliminated.
This last criterion can be expressed as
Comamv(0) = (79)

Trad
where v = Ju; + us + u3/m is the typical velocity of
the particles and 7,9 = max(7y, 72, 71) is the longest ra-
diation damping time in the rest frame of the beam. Note
that the damping time in the rest frame is shorter than that
in the laboratory frame by afactor of y, 7raa = Trad.1an/7Y-

bmex > bmin > b(m/2) = (77)
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A cross section with a scattering angle larger than 6 max
is
mao

2
Goae = 27( 555 ) 0w, (60

where h(0max) is defined as

/2 3
1(6mac) = fmax d(cose)(sjn‘*e N sjn29>' (81)
If Omax IS small,
1
h(Omax) = 1 = cosfm) (82
and

bmin = \/ ! (83)

(0 )v max(ry,72,73)

If Omax IS NOt very small, we can use Egs. (74) and (81)
and

h(Omax) = (84)

maoa

1
27T(<5,7>>)2U<Q> max (7, 72, 73)

Note that, in such a case, bmin can no longer be interpreted
as the minimum impact parameter.

In usual accelerators, bmax is larger than byin by many
orders of magnitude, and the result depends only on its
logarithm. For that reason, the approximation of Eg. (83)
is not bad unless the right-hand side is extremely small.
Then it is a good approximation to set

) V2 ma 1
bmin = bmin = max > , — .
(82p) mOv max(7y, 72, 73)
(85)

binin and bmin are numerically compared in Fig. 1, where
both are divided by /2 b(7r/2). The relation is close to
a straight line with unit slope showing the validity of the
approximation.
As an example, let us roughly estimate the log factor for
the Accelerator Test Facility (ATF) damping ring at KEK.
bmax 1S evaluated from

N

_ 1 (s ay__ N
0=y f GRCN) = S h o ©0
with
VUL2 = Oxy = 4/ Gx,yﬂx,y > (87)
and

\/U_S = 07 = YO0zlab> (88)

where ¢ (x) is the particle density, o, . the horizontal,
vertical, or longitudinal beam size, €, , the emittance, B, ,
the beta function, and o 1,5 the longitudinal beam size in
the laboratory frame.

bmin is evaluated from

(5p?) = m*v?, (89)
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FIG. 1. b/yn/b(7/2) (the solid ling) versus bmin/b (7 /2) from
a numerical calculation.

€
V= YOy < CVW,,B_X’ (90)

where o, 1,6 iSthe rms of the horizontal angle in the labo-

ratory frame.
Using the parameters in Table I, we get
bmax = (@)"3 =3 X 107°m, (91)
b(w/2) =~ 1 X102 m, (92)
and
bmin =2 X 1071 m. (93)
The log factor is
b
(log) = log—/= = 10. (94)
brin

bmax IS larger than byin by a factor of 10*, and our
approximation is justified in the case of the ATF damping
ring.

This result is significantly different from a calculation
without thetail cut, bmin = 2 ma /{6 p%)and (log) =~ 15.
It is aso different from Ref. [2], in which (log) = 20.

TABLE |. Parameters of the ATF damping ring.
Number of electrons per bunch N ~] x 10'°
Energy factor y 2.6 X 10°
Horizontal emittance e, ~1 X 107°
Vertical emittance e, ~1 x 107!
Beta functions g8, and 3, ~3m
Bunch length o 14 6 mm
Damping times 7y jap, Ty, 1ab> Tz, 1ab 17, 27, 20 ms
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V. CALCULATION OF EMITTANCE

As described in the previous sections, once we know
the local momentum matrix F;; = (6 p;6p;) a a certain
position of an accelerator, we can find an orthogona ma-
trix to diagonalize it and calculate A(Sw?)/At and then
A(6pidp;)/At, the diffusion rate of the momentum. Di-
viding an accelerator into short pieces, the change of the
momentum matrix at each position can be calculated. Note
that the rate expressed in the beam rest frame is different
from the rate expressed in the laboratory frame by the en-
ergy factor y, due to arelativistic time expansion.

A method for calculating the equilibrium emittance of
an electron beam in astoragering is described in Ref. [15].
The quantum excitation due to the synchrotron radiation is
included as a momentum diffusion process as follows:

R(s) = M(s, so)R(so)M" (s,s0) + B(s,s0), (95)

where R isthe 6 X 6 beam-envelope matrix, M the trans-
fer matrix, and B the integrated diffusion matrix,

B(s, so) = jSM(s,sl)B(sl)MT(s,sl)dsl, (96)

where B is called the diffusion matrix.

The effect of the intrabeam scattering can also be in-
cluded as a momentum diffusion in the similar way as
the synchrotron radiation. The diffusion matrix for the
intrabeam scattering can be evaluated from the matrix
A(6pidp;)/At. The only difference is that the intrabeam
scattering depends on the beam size, whereas the syn-
chrotron radiation does not. Because the intrabeam scatter-
ing changes the beam size, some iterations are necessary
to obtain a self-consistent result.

This method is used in a computer program sap [7] for
calculating the equilibrium beam emittance in an electron
storage ring.
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